
Operator Learning for Smoothing and Forecasting

Andrew Stuart

Computing and Mathematical Sciences
California Institute of Technology

US-DoD Vannevar Bush Faculty Fellow

⋆ ⋆ ⋆

15th AIMS Conference
Athens, July 6th–10th 2026

June 2nd 2026



Collaborators and Reference

Collaborators

▶ Edo Calvello (Caltech → Lawrence Berkeley Lab)

▶ Elizabeth Carlson (Oregon State University)

▶ Nik Kovachki (Nvidia → NYU)

▶ Michael Manta (Stanford)

Reference:
E. Calvello, E. Carlson, N. Kovachki, M. Manta, and AMS
Operator Learning for Smoothing and Forecasting.
arXiv:2603.20359



Overview

Data-Driven Data Assimilation

Well-Posedness

Approximation Theory

Numerical Experiments

Closing



Talk Outline

Data-Driven Data Assimilation

Well-Posedness

Approximation Theory

Numerical Experiments

Closing



Data-Driven
Data Assimilation

Data Assimilation Text: Reich and Cotter [18] (2015)

Data Assimilation Text: Law, AMS and Zygalakis [15] (2015)



Data Assimilation (DA)

Continuous Time

Observed:
dp

dt
= f (p, q), t ∈ R+

Unobserved:
dq

dt
= g(p, q), t ∈ R+

What Can We Recover, Given p|[0,T ]?

1. Filtering: Recover q|t from observed p|[0,t], t ∈ [0,T ].

2. Smoothing: Recover q|[0,T ] from observed p|[0,T ].

3. Forecasting: Predict p|[T ,T+τ ] from observed p|[0,T ].

4. No Model: f , g (and dimension of q) are not known.



This Talk

▶ Pure data-driven data assimilation is being widely adopted:

1. physical contexts (e.g. weather and climate) [14, 5, 17, 2, 1, 12]

2. time-series forecasting (e.g. commercial applications) [21, 10, 8, 16, 3]

▶ Analysis to underpin this is needed.

▶ We will show:

1. A principled approach to data-driven smoothing.
2. A principled approach to data-driven forecasting.
3. Existence theory for relevant operators on C k spaces.
4. Approximation theory for relevant operators on C k spaces.
5. Implementation with transformer neural operator.
6. Trajectory accuracy (smoothing).
7. Statistical accuracy (forecasting, learned delay equation).
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Well-Posedness

Observability in Control: Hermann and Krener [11] (1977)



Data Assimilation (DA)

Continuous Time

Observed:
dp

dt
= f (p, q), t ∈ R+

Unobserved:
dq

dt
= g(p, q), t ∈ R+

Initial Conditions

1. p(0) = p0.

2. q(0) = q0.

Observe p|[0,T ]; smoothing and forecasting?



Existence Of Ψ†
S : p|t∈[0,T ] 7→ q|t∈[0,T ]

Key Idea: Smoothing

Find, from p|t∈[0,T ], (t⋆, q⋆) : q(t⋆) = q⋆

Then q|t∈[0,T ] is given by

q̇ = g(p, q), q(t⋆) = q⋆.



Existence Of Ψ†
F : p|t∈[0,T ] 7→ p|t∈[T ,T+τ ]

Key Idea: Forecasting

Find, from p|t∈[0,T ], (t⋆, q⋆) : q(t⋆) = q⋆

Then p|t∈[T ,T+τ ] is given by

ṗ = f (p, q), p(T ) = from observation,

q̇ = g(p, q), q(T ) = from smoothing.



Observability-Rank Condition

Observability

Find, from p|t∈[0,T ], (t⋆, q⋆) : q(t⋆) = q⋆

Lie derivatives of f along (f , g)

For (p, q) ∈ Rdp+dq , define F (n)(p, q) ∈ Rndp by f (0) = f and

F (n)(p, q) =
(
f (0)(p, q)⊤, f (1)(p, q)⊤, . . . , f (n−1)(p, q)⊤

)⊤
,

f (k)
(
p, q

)
= ∂pf

(k−1)
(
p, q

)
· f

(
p, q

)
+ ∂qf

(k−1)
(
p, q

)
· g

(
p, q

)



Observability-Rank Condition

Use derivatives of p to define equation for q

Let (
P(n)(p)

)
(t) :=

(
∂1
t p(t)

⊤, . . . , ∂n
t p(t)

⊤
)⊤

.

Then for all L : Rndp → Rdq , any p, q from model satisfies

LF (n)
(
p(t), q(t)

)
= L

((
P(n)(p)

)
(t)

)
. (1)

Observability-Rank Condition special case of Hermann and Krener [11] (1977)

The observability-rank condition holds at (p, q) ∈ Rdp+dq , if
∃n ∈ N and L : Rndp → Rdq such that the rank of the matrix
DqLF

(n)
(
p, q

)
is dq.

Invertibility of LF (n)(p, •)
If condition satisfied at (p, q), can invert LF (n)(p, •) locally.



Smoothing and Forecasting Operators Exist
Calvello, Carlson, Kovachki, Manta, AMS. [6](2026)

Theorem: Existence of Ψ†
S : p|t∈[0,T ] 7→ q|t∈[0,T ]

▶ Let observability-rank condition hold at some point (p, q).

▶ Consider trajectories with (p0, q0) in neighbourhood of (p, q).

▶ Then Ψ†
S : C k([0,T ];Rdp) → C k([0,T ];Rdq) exists.

▶ Ψ†
S is continuous.

Theorem: Existence of Ψ†
F : p|t∈[0,T ] 7→ p|t∈[T ,T+τ ]

▶ Let observability-rank condition hold at some point (p, q).

▶ Consider trajectories with (p0, q0) in neighbourhood of (p, q).

▶ Then Ψ†
F : C k([0,T ];Rdp) → C k([T ,T + τ ];Rdp) exists.

▶ Ψ†
F is continuous.
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Approximation Theory

Neural Operators: Kovachki, Lanthaler and AMS [13](2024)

Attention Mechanism: Calvello, Kovachki, Levine and AMS [7](2025)



Operator Learning

Approximating By Neural Operator (NO) Kovachki, Lanthaler, AMS. [13](2025)

Parameter Space: Θ ⊆ Rp

Function Class: Ψ : X ×Θ → Y
Function Approximation: Ψ(· ; θ⋆) ≈ Ψ†

Theorem (Transformer Neural Operator (TNO) is Universal)
Calvello, Kovachki, Levine, AMS. [7](2025)

▶ Let Ψ† be a continuous operator.

▶ Let K ⊂ X
(
D;Rdi

)
be compact.

Then, for any ε > 0, parameter θ∗ may be chosen so that

sup
i∈K

∥Ψ†(i)−Ψ(i ; θ∗)∥Y ≤ ε.



Universal Approximation for Ψ†
S : p|t∈[0,T ] 7→ q|t∈[0,T ]

Theorem (Smoothing) Calvello, Kovachki, Levine, AMS. [6](2026)

▶ Let observability-rank condition hold at some point (p, q).

▶ Let U denote the invertibility neighbourhood of (p, q).

▶ Let K denote a compact subset of trajectories starting in U.

▶ Let Kp denote projection onto p of those trajectories.

For any ε > 0 there exists a TNO Ψ(•; θ) such that

sup
p∈Kp

∥Ψ†
S(p)−Ψ(p; θ)∥C k < ε.



Universal Approximation for Ψ†
F : p|t∈[0,T ] 7→ p|t∈[T ,T+τ ]

Theorem (Forecasting) Calvello, Kovachki, Levine, AMS. [6](2026)

▶ Let observability-rank condition hold at some point (p, q).

▶ Let U denote the invertibility neighbourhood of (p, q).

▶ Let K denote a compact subset of trajectories starting in U.

▶ Let Kp denote projection onto p of those trajectories.

For any ε > 0 there exists a TNO Ψ(•; θ) such that

sup
p∈Kp

∥Ψ†
F (p)−Ψ(p; θ)∥C k < ε.
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Numerical Experiments

Calvello, Carlson, Kovachki, Manta and AMS [6](2025)



The Lorenz ‘96 Model

Lorenz ‘96 Model

dvi
dt

=
(
vi+1 − vi−2

)
vi−1 − vi + F , i = 1, 2, . . . , 40

Category Smoothing Forecasting

Parameters F = 8

Observed (u1, . . . , u21, u23, u25, . . . , u39)
∈ C([0, 5];R30)

(u1, u2, u3, u5, u6, u7, u9, . . .)
∈ C ([0, 5];R30)

Unobserved (u22, u24, . . . , u40)
∈ C([0, 5];R10)

(u1, u2, u3, u5, u6, u7, u9, . . .)
∈ C ([5, 5.2];R30)

Obs. time ∆t = 0.02



Lorenz ‘96: Smoothing



Lorenz ‘96: Long-horizon Forecasting

▶ Long-horizon forecast
obtained via composition;

▶ Trajectory prediction
diverges, but statistics
match.



Closing

Conclusions and References



Conclusions
▶ Data-driven data assimilation is being widely adopted:

1. physical contexts (e.g. weather and climate) [14, 5, 17, 2, 1, 12]

2. time-series forecasting (e.g. commercial applications) [21, 10, 8, 16, 3]

▶ Analysis to underpin this is needed.

▶ We have shown:

1. A principled approach to data-driven smoothing.
2. A principled approach to data-driven forecasting.
3. Existence theory for relevant maps.
4. Approximation theory for relevant maps.
5. Implementation with transformer neural operator.
6. Trajectory accuracy and statistical accuracy.

▶ Many open problems:

1. Discrete time analog.
2. Effect of noise.
3. Connection to Takens embedding.
4. Theory for PDE (infinite dimensional) models.
5. Extending theory to global well-posedness.
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Attention Key Component of LLMs, CLIP, Stable Diffusion

▶ Attention is all you need: Vaswani et al [20] (2017)

▶ 235, 508 Google Scholar citations (March 9th 2026).

▶ Nonlinear correlation map: Donoho [9] (2024).

Attention Map O(N2) to evaluate

AN : FN → FN , ϑ := (Q,K , V ) to be learned

p(k|j ; u) ∝ exp
(〈

Qu( j),Ku(k)
〉
Rd

)
, u ∈ FN p ∈ P(DN )

AN(u)(j) = V Ek∼p(k|j ;u)[u(k)].

positional encoding is used Rombach et al [19] (2022)



Cross Attention (Diffusion Based Generative Modelling)

Attention is all you need: Vaswani et al [20] (2017),

Cross Attention in diffusion based conditional image generation: Rombach et al [19] (2022)

Discrete Cross Attention

▶ Define DN = {1, · · · ,N}.
▶ Let FN = {f : DN → Rc}.

Cross Attention Map O(NM) to evaluate

CN : FN × FM → FN , ϑ = (Q,K , V ) to be learned

q(k|j ; u,w) ∝ exp
(〈

Qu( j),Kw(k)
〉
Rd

)
, (u,w) ∈ FN × FM q ∈ P(DN )

CN(u,w)(j) = V Ek∼q(k|j ;u,w)[w(k)].



Attention On Banach Space
Calvello, Kovachki, Levine and AMS 2024 [7]

Continuum Attention

▶ Define D ⊆ Rm, an open set.

▶ Let F = {f : D → Rc}.

Attention Map (On Functions)

A : F → F , ϑ := (Q,K , V ) to be learned

p(y |x ; u) ∝ exp
(〈

Qu(x),Ku(y)
〉
Rd

)
, u ∈ F p ∈ P(D)

A(u)(x) = V Ey∼p(y |x ;u)[u(y)].



Attention Map On Spaces of Probability Measures
Bach, Baptista, Calvello, Chen and S 2024 [4]

Attention Map (On Probability Measures)

A : P(Rc) → P(Rc), ϑ := (Q,K , V ) to be learned

A(· ; p) : Rc → Rc , p ∈ P(Rc),

A(p) = A(· ; p)♯p.
⋆ ⋆ ⋆ ⋆ ⋆ ⋆

ρ(u; s) =
1

Z (s)
exp

(
⟨Qs,Ku⟩Rd

)
p(u),

A(s; p) = V Eu∼ρ(·;s)[u], u ∈ Rc .



Smoothing in Lorenz ‘63; Observability

(y , z) from x : observability-rank condition is satisfied.



Smoothing in Lorenz ‘63; Failure of Observability

(x , y) from z : observability-rank condition is not satisfied.



The Kuramoto-Sivashinsky Equation

1D Kuramoto-Sivashinsky (KS) Equation

∂u

∂t
+

∂4u

∂x4
+

∂2u

∂x2
+ u

∂u

∂x
= 0,

u : SL × R+ → R.

u: solution; ũ: projection onto first 64 Fourier modes of u.

Category Smoothing Forecasting

Parameters L = 32π

Spatial Grid xj = jL/128, j = 1, . . . , 128

Observed
(
ũ(x1), . . . , ũ(x128)

)
∈ C ([0, 100];R128)

Unobserved
(
u(x1), . . . , u(x128)

)
∈ C ([0, 100];R128)

(
ũ(x1), . . . , ũ(x128)

)
∈ C ([100, 102];R128)

Obs. time ∆t = 0.25



KS: Smoothing



KS: Long-horizon Forecasting

▶ Long-horizon forecast
obtained via composition;

▶ Trajectory prediction
diverges, but statistics
match.
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