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Unifying Framework



Goal

The Sampling Problem

V :RY — R. Draw (approximate) samples from

p"(6) o< exp (= V(6))

MCMC: Brooks, Galin, Jones, Meng [6] (2011)

SMC: Del Moral, Doucet, Jasra [10] (2006)



Unifying Framework

Ingredients For Gradient Flows

> [2 = [2(R%;R)

» P = [2 Probability Densities on RY

> £:P — RF, £(p*) =0 (Energy Functional)
> g—i € L2 (First Variation)

| 2

M(p) : L? — L? invertible, positive semi-definite for all p € P

Nonlinearly Preconditioned Gradient Flow in P

e _ —M(m)*%pr)
Key ldentity
d _J6E apt _ Opt Opt
Lt — (S0, 22, (o 2 223 <

Gradient Flows: Ambrosio, Gigili, Savaré [3] (2005).

Sampling via optimization: Wibisono [33] (2018).



Canonical Example 1

At Our Disposal: Energy Functional £(-), Metric M(-).

Energy Functional
Kullback-Leibler (KL) Divergence £ : P — R, £(p*) =0, p* = argmin cp E(p) :

E(p) = KLp|lp*] = /plog<pﬁ*) de

&
5—(,0; p*) = log p — log p* + constant
p

Metric

Wasserstein—2 Metric Tensor:

M(p) ™' = —Vo - (pVo1)



Canonical Example 2

Gradient Flow: Fokker-Planck Equation

KL for energy: & = KL|[p||p*]; Wasserstein—2 for metric; then:

Opt

5 = Vo (ptVologp*) + Vo - (pt Vg log pt)
6pt _

D —Vo - (ptVelogp*) + Vo - (Vopr)

Trivial Mean Field Model: Langevin Equation
Law(@t) = pt:

df; = Vg log p* (6:)dt + vV2dW,;

Fokker-Planck and Langevin equations: Risken [26] (1996), Pavliotis [23] (2014)
Fokker-Planck as gradient flow for £(p): Jordan, Kinderlehrer, Otto [15] (1998)

Langevin equation and MCMC: Roberts, Tweedie [28] (1996); Roberts, Rosenthal [27] (2001)



Canonical Example 3

Theorem Markowich, Villani [21] (2000);
Assume 3IA > 0 :

D2V(-) = M
Then, for all t > 0,

KL[pt||p*] < KL[po||p*]e™*

Rate of exponential convergence depends on problem

Probabilistic methods: Mattingly, S and Higham [22] (2002)
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Choice of &£

f-divergence
Consider f: f(1) = 0 and f convex and define:

Drlple] = | o (L )as

Examples

Kullback-Leibler divergence: f(x) = xlog x

>

> 2 divergence: f(x) = (x — 1)?

> Hellinger distance: f(x) = (v/x — 1)?
| 2



Choice of £ : Kullback-Leibler (KL) is Special

Energy: Kullback-Leibler

E(pip") = KLlpllo"] = [ plog(%) at
0
(;—g(p; p*) = log p — log p* + constant
P

E(pi cp*) = E(pi p*) — log(c)

Theorem Chen, Huang, Huang, Reich, AMS [9] (2023)

KL is the only f-divergence whose first variation leads to a gradient flow which is
independent of the normalization constant of p*

Use Kullback-Leibler from now on
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Two Metrics

Wasserstein Metric ordan, Kindelehrer, Otto [15] (1998)

Metric: M(p) Y = —V - (pVet)

16)
Flow: =2 =~V - (peVglog p*) + Vo - (Vope)

Trivial Mean Field Model: df; = Vg log p* (6;)dt + v2dW;

Fisher-Rao Metric rao [24] (1945); Amari [1] (1998)

Metric: M(p) ™ = p(3p — Eo[3])

0,
Flow: % = pt(log p* —log pt) — ptEp[log p* — log pe]

Nontrivial Mean Field Models: discuss later

Optimal transport: Villani [31] (2008)
Information geometry: Amari [2] (2016); Ay, Jost, L&, Schwachhdéfer [4] (2017)



Fisher-Rao Flow: Invariance Under Diffeomorphisms

Pushforward

Given diffeomorphism ¢ : R — R9
> pt = pupt is the transformed distribution at time t
> p* = pup* is the transformed target distribution

Proposition

Fisher-Rao gradient flow is invariant under any diffeomorphism:

Opt

Bt = Pt(IOg p* — log Pt) — ptEp[log p* — log pt]
opr . ~ ~ ~ ~ ~
N = Pt('OE p* — log Pt) — ptEp, [log 5 — log ft]



Consequence of Invariance of Fisher-Rao Gradient Flow

Theorem Lu, Sleptev, Wang [19] (2022); Chen, Huang, Huang, Reich, AMS [9] (2023)

Assume
> JK > 0:

Ka+oP) < Po00)  ka+iop)
(9) -

» 3B > 0 bounding first and second moments of pg, p*
Then, for all t > Iog((l + B)K),

KL[pt[|p*] < (2+ B + eB)Ke™*

Unconditional uniform exponential convergence



Mean-Field Models For Fisher-Rao Gradient Flow

Mean—Field ODE Chen, Huang, Huang, Reich, AMS [9] (2023)

a6,
< =~ VeF: pt: ") g,

—Ve - (p(O)VeF(é';p, p*)) = p(0)E, (log p* — log p) - 0(9)(|0g p*(0) — log 0(9))

Particle approximation: {0,:}5}9’:1

Birth-Death Process Lu, Lu, Nolen [18] (2019): Lu, Sleptev, Wang [19] (2022)

N
1
Qf = log( > K(ee = 00/ (0r0)), K~
j=1
N

, , 1
Ae=Q - > Qf Particle i birth-death rate
=1

Both face significant obstacles in order to implement
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Invariance Revisited

Theorem Ay, Jost, L&, Schwachhéfer [4] (2015); Bauer, Bruveris, Michor [5] (2016); Cencov [8] (2000)

The Fisher-Rao metric is the only Riemannian metric on smooth positive densities (up
to scaling) that is invariant under any diffeomorphism of the parameter space

Affine Invariance

Given an affine transformation ¢ : RY — RY
> pt = pupt is the transformed distribution at time t
> (% = @up* is the transformed target distribution

Flow is affine invariant if, for all affine ¢, (g¢, p*) satisfy same equation as (pt, p*).

For parallel MCMC: Goodman, Weare [13] (2010); generalization: Leimkuhler, Matthews, Weare [17] (2018)
For ensemble Kalman: Garbuno-Inigo, Niisken and Reich [12] (2020)

For ensemble Kalman: Huang, Huang, Reich, AMS [14] (2022)



Examples

Fisher-Rao Gradient Flow

The Fisher-Rao gradient flow is affine invariant

Kalman-Wasserstein Gradient FIOw carbuno-inigo, Hoffman, Li and AMS [11] (2020)
The Kalman-Wasserstein gradient flow is affine invariant.
Covariance: C(p) = Cov(p)
Metric: M(p) 4 = =V - (0C(p)Vo¥)
0,
Flow: 2% = —Vy - (p:C(pe) Vo log p*) + Vo - (C(pe) Vope)

ot
Mean Field Model: df: = C(p:)Vg log p* (0:)dt + /2C(p:)dW

Kalman-Wasserstein metric first identified: Reich and Cotter [25] (2015)



Consequence of Affine Invariance of
Kalman-Wasserstein Gradient Flow

Theorem Garbuno-Inigo, Hoffman, Li and AMS [11] (2022); Carrillo and Vaes [7] (2023)

Assume V is quadratic. Then there is constant C > 0 such that, for all t > 0,

Wa(pe, p*) < CWa(po, p*)e "

Unconditional uniform exponential convergence
Universal convergence to equilibirum for Gaussian targets: Garbuno-Inigo, Hoffman, Li and AMS [11] (2020)

Universal convergence to equilibirum for Gaussian targets (non-Gaussian initialization): Carrillo and Vaes [7] (2021)



Numerical Example lllustrating Affine Invariance

Experimental Set-Up

>

vV vV VvV VY

2D Rosenbrock potential:

V(o) = %(02 -82)"+ ?10(1 —0)°

for @ = (61,02) and A = 10~%, k =0,1,2

Goal: sample p* o exp(—V/(6))

Method 1: Wasserstein using noninteracting Langvein, 103 particles.
Method 2: Kalman-Wasserstein using interacting Langevin, 103 particles

Configuration: Integrate to t = 15, initialized from

w~x([g] -5 4)



Numerical Example lllustrating Affine Invariance
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Figure: 103 particles at t = 15 from Langevin (top row) and affine

invariant Langevin (bottom row). Grey lines represent the contour of the

true posterior
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Variational Bayes

Energy Functional
Kullback—Leibler (KL) Divergence:

£(p) = KL{pllp*] = /plog(p%) a0

E:P—-RT, E(p*)=0
p* = argmin,cp E(p)
P, : parameterized subset of probability density functions on RY, a € RP

pa, = argmin,cp E(p)

vVVvy VvYYy

Variational Bayes: Mackay [20] (2008); Wainright, Jordan [32] (2008)



Gradient Descent for Variational Bayes

Ingredients For Gradient Flows

> £:P — Ry, E(p*) =0 (Energy Functional)
> P, C P, acRP, p(a) € P, (Candidate Density)
> (M(p)Vap(a) - o1, Vap(a) - 02),2 = (M(a)o1,02)re (Induced Metric)

The Gradient Flow in R? (and in P,)

d o]
Frei —fm(at)_lag(ﬁa)

a=ar



|dentifying The Gradient Flow: Gaussian Case 1

Example: Gaussian Variational Bayes

> G : all Gaussian probability measures on R?
> G="P. a=(mC)eRI xR,
Theorem Chen, Huang, Huang, Reich, AMS [9] (2023)

Moment closure gives the gradient flow



|dentifying The Gradient Flow: Gaussian Case 2

Consequence

> Consider a gradient flow in P:

Ope(0) _

ot ot(0, pt)

» Then mean and covariance evolve according to

d

= /at(e, pt)0d0, % = /o‘t(e,pt)(é’ —m:)(6 — m:)Tdo

dm;
dt

» Closure: to obtain gradient flow in P, use pr = pa, = N(m¢, Ct)

Moment closure in variational Kalman filtering: Sarkka [29] (2007)

Moment closure in Wasserstein gradient flow: Lambert, Chewi, Bach, Bonnabel, Rigollet [16] (2022)



Convergence Rates

Theorem Chen, Huang, Huang, Reich, AMS [9] (2023)

Assume Gaussian target p* and consider Fisher-Rao variational inference. If
p* = N(my, Ci), and Gy = Ao/, Ao > 0, then

[me — mill2=0©(e™"), [IG— Cill2=0(e7")

See also: Lambert, Chewi, Bach, Bonnabel, Rigollet [16] (2022)



Numerical Example: Gaussian Gradient Flows

Experimental Set-Up

>

vV V.V Vv VY

2D convex potential:
v(e ):*(\f(’l—f)z) = (‘9 )*

for 6 = (61,602) and A =10~k, k =0,1,2

Goal: sample p* o< exp(—V/(6))

Method 1: Gaussian approximation of Fisher-Rao GF
Method 2: Gaussian approximation of Wasserstein GF
Method 3: Gaussian approximation of vanilla GF

Configuration: Integrate to t = 15 initialized from the Gaussian

(o) o &)



Numerical Examples

Error of F[6]

Rel. error of Cov[6]
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Figure: x axis is from t = 0 to 15. Gaussian approximate Fisher-Rao
gradient flows perform the best. Convergence rate not influenced by
different values of A
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Summary

Gradient Flows for Sampling Chen, Huang, Huang, Reich, AMS [9] (2023)

» Energy Functional: KL divergence

>
| 4

invariant to normalization consts
unique property among all  divergences

» Fisher-Rao Metric:

>
>
>
>
>

invariant to any diffeomorphism of the parameters
unique property among all metrics on probability space
uniform exponential convergence

implementing mean field models is difficult

works well within Gaussian variational inference

» Affine Invariance:

| 4
>
| 4

uniform exponential convergence for Gaussian target
affine invariant Kalman-Wasserstein
implementation of mean field models is straightforward



Thank-you
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