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Suppose that a consistent one-step numerical method of order r is applied to a smooth
system of ordinary differential equations. Given any integer m > 1, the method may
be shown to be of order r + m as an approximation to a certain modified equation. If
the method and the system have a particular qualitative property then it is important to
determine whether the modified equations inherit this property. In this article, a technique
is introduced for proving that the modified equations inherit qualitative properties from the
method and the underlying system. The technique uses a straightforward contradiction
argument applicable to arbitrary one-step methods and does not rely on the detailed
structure of associated power series expansions. Hence the conclusions apply, but are not
restricted, to the case of Runge—Kutta methods. The new approach unifies and extends
results of this type that have been derived by other means: results are presented for integral
preservation, reversibility, inheritance of fixed points, Hamiltonian problems and volume
preservation. The technique also applies when the system has an integral that the method
preserves not exactly, but to order greater than r. Finally, a negative result is obtained by
considering a gradient system and gradient numerical method possessing a global property
that is not shared by the associated modified equations.

1. Introduction

In this article we consider the relationship between solutions to a given system of ordinary
differential equations, numerical approximations to them, and solutions to associated
modified equations. Our goal is to show that if an underlying system and an approximation
scheme possess solutions sharing certain qualitative properties, then there is a family
of associated modified equations possessing solutions that also share these properties.
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Although many results of this type may already be found in the literature, we provide a
general framework and a unified method of proof. Our method of proof, which is analytical,
is not as succinct as other more algebraic approaches, but it is readily accessible to readers
with a basic knowledge of numerical methods for initial value problems.

The presentation is structured as follows. In Section 2 we establish the notation
for the semigroups generated by the underlying differential equation and the numerical
method. We work within a general class of one-step methods that satisfy a certain local
approximation property: the expansions of the true and approximate semigroups in powers
of the time-step Ar agree up to order r. (Since we are dealing with ordinary differential
equations the local semigroup property may be extended to a local group property, but
in many interesting applications global existence is only assured in forward time so that
we retain the concept of semigroup.) Standard error estimates for such methods show that
the error over a finite time interval is of O(At"). Runge—Kutta methods are included in
our framework, together with a variety of non-standard one-step methods used in practice,
such as those that ensure conservation of invariants for Hamiltonian systems or volume for
systems defined by divergence-free vector fields.

In Section 3 we discuss modified equations. Here, given an integer m > 1, the idea
is to find an O(Af") modification of the original ordinary differential equation with the
property that the numerical method is O(At" ™) accurate as an approximation of this
modified equation. We prove a general result concerning the existence and approximation
properties of modified equations for the general class of one-step methods introduced in
Section 2. This straightforward result is well known in the numerical analysis literature,
and also has related counterparts in the mathematical physics literature where interpolation
of near-identity maps is important. Our proof simply sets the notation and methodology
used in the remainder of the article. Modified equations were first studied in detail in
the numerical analysis community by Warming & Hyett (1974) within the context of
partial differential equations. In this area the modified equation approach is often useful
in interpreting the qualitative properties of errors introduced by numerical approximation,
such as numerical dissipation or dispersion for wave propagation problems. For further
results on the usefulness and applicability of the modified equation approach, especially
in the context of ordinary differential equations, see Griffiths & Sanz-Serna (1986), Beyn
(1991), Reich (1993, 1996), Calvo, Murua & Sanz-Serna (1994), Hairer (1994), Reddien
(1995), Fiedler & Scheurle (1996) and Sanz-Serna & Murua (1997). A major application
has been the derivation of exponentially small error estimates, starting with the work of
Neishtadt (1984) and continued in, for example, Benettin & Giorgilli (1994), Hairer &
Lubich (1997), and Reich (1996).

The main contribution of this article is contained in Section 4 where the qualitative
properties of modified equations are studied. By use of a straightforward contradiction
argument we show that if the numerical method shares a certain structural property with the
underlying system, then the family of associated modified equations inherits this property.
Such results motivate the use of numerical methods that respect qualitative features of
the ordinary differential equation. The specific structural properties that we consider are
preservation of a scalar function, reversibility, inheritance of fixed points, conservation
of the canonical symplectic two-form for Hamiltonian systems and conservation of
volume. A negative example is also given: we show that the global limit set behaviour
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of gradient systems is not necessarily shared by modified equations for gradient numerical
methods.

The fact that structure-preserving numerical methods may possess modified equations
with analogous structure has been known for some time. For early references in the
numerical analysis literature see Mackay (1992), Sanz-Serna (1992) and Sanz-Serna &
Calvo (1994) and for some early applications see Auerbach & Friedman (1991) and
Yoshida (1993). More recently, modified equations for problems with special structure
have been explored in greater detail using several different approaches, as in Hairer (1994),
Calvo, Murua & Sanz-Serna (1994), Benettin & Giorgilli (1994), Reich (1993, 1996),
Hairer & Stoffer (1997) and Sanz-Serna & Murua (1997).

The work of Reich, in particular, describes a very general algebraic approach to
the study of structure in modified equations which we now outline for the purposes of
comparison with our analytic approach. For differential equations whose vector fields lie
in a certain linear subspace g of the infinite-dimensional Lie algebra of smooth vector
fields, the semigroup generated lies in a corresponding subset G of the Fréchet manifold of
smooth diffeomorphisms. Assuming G is a submanifold and that the tangent space to G at
the identity is g, Reich shows that general one-step methods with semigroups in G possess
modified equations with vector fields in g. In this sense, the modified equations possess the
same structure as the underlying differential equation. The primary goal of this article is
to demonstrate that a straightforward contradiction argument may be applied to a general
one-step method to obtain similar results, without directly relying upon the geometrical
relationship between G and g. Our approach is less succinct than that of Reich, but fits
more naturally into a traditional numerical analysis framework. The approach also allows
us to prove some new results: Theorems 4.2 and 4.4. Theorem 4.2 concerns methods that
‘almost’ preserve an integral of the system; that is, they preserve the integral to a higher
order than the classic order suggests. Examples of such methods have been proposed by
Calvo, Iserles & Zanna (1996). Theorem 4.4 concerns the preservation of fixed points.

Most of the work mentioned in the references above, and also the analysis presented
here, applies to fixed-stepsize implementations. Reich (1996), Hairer & Stoffer (1997) and
Hairer (1997) have recently explored the idea of developing customized variable-stepsize
strategies for which an appropriate modified equation theory exists.

2. Background

Consider a system of ordinary differential equations in R? of the form

d_u_ 2.1
== S @1

where the vector field f : R? — R?” is assumed to be of class C*. For any uy € R” we
denote by S : B x [0, T] — RP the local evolution semigroup generated by (2.1) where B
is a closed ball at ug and 7' > 0. In particular, for any U € B the curve

u(t) =SWU,t) = S:U) (2.2)

is a solution to (2.1) with initial condition u(0) = U, defined for all + € [0, T].
Furthermore, for each r € [0, T] the mapping S; : B — R’ is a C* diffeomorphism
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onto its image, and we denote its derivative at a point U € B by dS;(U) € RP*P. We will
use the fact that the mapping B x [0, T] > (U, t) + dS;(U) € RP*P is continuous in U
and continuously differentiable in ¢, and we note that dS; (U) is invertible for each U € B

and r € [0, T']. Hence, by compactness, there exist real numbers C; > 0 (i = 1,...,4)
such that

Ci < IdS/(U)| £ C2 and  C3 < [IdS,(U)'||| < Ca, (2.3)
forall U € B andt € [0, T], where ||| - ||| denotes the Frobenius norm on RP*7,

We will consider one-step numerical methods for (2.1) of the form

Gar(Un, Upy1) =0, 2.4

where G, : R? x R? — RP? is a given C* map that depends smoothly on the parameter
At. For any ug € RP we assume the numerical scheme generates a local evolution
semigroup in the sense that there is a closed ball 5 at ug, real numbers #,7 > 0, and
a mapping Su; : B — RP such that for any U € B and At € [0, h] the sequence {U,}
generated by

U, = 5%,(U) (2.5)

satisfies (2.4) for all nAr € [0, 7). Here S‘Zr denotes the n-fold composition of the map
SA[.

Given any ug € R” we assume without loss of generality that B = Band 7 = T.
Furthermore, we assume the numerical scheme is consistent of order r as an approximation
to (2.1); that is, for any U € B we have

d! . o'
by SU=— SU, .=1,...,, 26
577 li—o +(U) 377 1o 1(U) i r (2.6)

where r > 1 by consistency.

For any nAr € [0, T'] with At € [0, k] let dS‘Z,(U) € RP*P denote the derivative of
S'Zt : B — R” atapoint U € B, and let || - || denote the Euclidean norm on R”. Then,
by standard results from the numerical analysis of ordinary differential equations (see, for
example, Stuart & Humphries (1996, Theorem 6.2.1)) there exist real numbers C5 > 0 and
Ce¢ > 0 depending on U € B and T such that

I1S:(U) — 8%, ()|l < CsAt" 2.7
and
1dS; (U) — dS%, ()| < CeAt” (2.8)

forany t = nAt € [0, T] with At € [0, h]. Additionally, in view of (2.3) and (2.8), there is
a real number C7 > 0 depending on U € B and T such that the derivative of the mapping
S% : B — RP satisfies

lIdS%, @)l < C7. (2.9
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3. Associated modified equations

To any ordinary differential equation of the form (2.1), and numerical approximation
scheme (2.4) of order r, we can associate a modified equation of index N of the form

= fM ), G.1)

where N > 1 is an integer and the modified vector field fgtv) : R? — RP is defined as

N
VW) = f@)+ > ar+i=lg;w) (3.2)

i=1

for some functions ¢; : R — R? (i = 1, ..., N). It is convenient to define the modified
equation of index zero to be the original equation (2.1). Thus we have

FPw) = fw), Vu € RP. (3.3)

For any vy € R? we denote by SN . B x [0, T] x [0, h] — RP the local evolution
semigroup generated by (3.1) where B is a closed ball at vy and 2, T > 0. In particular,
forany V € B and At € [0, ] the curve defined by

var®) =85 (v, 0y = 5" (v) (3.4)

is a solution to (3.1) with initial condition vx;(0) = V, defined for all ¢ € [0, T]. For any
t €0, f] and At € [0, ﬁ] we denote by dSt(]Z)t(V) € RP*? the derivative of the mapping

SIUZ), B — RP ata point V € B. As for the underlying system, we will use the fact that,

for any At € [0, h), the mapping Bx[0,T]> (V1) — dSlUZ)t(V) € RP*P is continuous
in V and continuously differentiable in ¢, and we note that ds! At (V) is invertible for each

V € Bandt € [0, T). In what follows we will consider the semigroups generated by (2.1),
(2.4) and (3.1) in the neighbourhood of a common point in R”. In this case, without loss
of generality, we take B = Band T = T.

With the above notation in hand we next show that, given an integer N > 1, it is
possible to construct C* functions ¢; (i = 1, ..., N) such that the numerical scheme (2.4)
is an order r + N approximation to (3.1). The local construction of the functions g; is
outlined in the lemma below and is based on the observation that the Nth modified vector
field (3.2) differs from the (N + 1)st by a single term, that is

J;Xz\url)(v) = fAt M)+ AN gy (v).

With this observation the basic strategy for constructing the functions g; becomes clear:
choose the g; such that each new term in (3.2) improves the order of approximation by one
power of At.
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LEMMA 3.1 Given ug € R? suppose that for some integer s > r the expansions
N
Sar(uo) = o+ ) _ At'Fi(up) + O(Ar**")
i=1

S
Sar(uo) — Sarwo) = Y At FV (u) + Ot
i=r+l1

are valid, where {F;};_, and {Fi(o)}fzr 41 are C™. Then, for every integer N such that
0 < N < s —r — 1, there exists a modified equation (3.1) with the property

N
Saruo) = 8§ wo) = Y AFFEN (ug) + 0Art) (3.5)
i=r+N+1
where {Fi(N)}f:r+N+1 are C™.

Proof. By assumption, the result is true for N = 0. Assuming s > r + 1 we proceed
by induction. Suppose the result is true for some N with0 < N < s —r — 1 and let

N
gn+1(v) = Fr(+1)v+1(”)v so that
~£][V-‘1-1)(v) — fé][v)(v) + Atr+NFr(4IY])V+](U)~ (36)

Expanding S‘;ﬁ‘:l)(uo) for small ¢ and setting t = At leads to an expression of the form

N
S o) = uo + 3 A Fi(ug) + O(ArH) 3.7)
i=1

for some {P/:,»}f‘:1 in C*°. By comparing Taylor expansions of 5';!]2 (up) and S’I(Y]ZJ[I)(uo)
with ¢t = At, we find from (3.6) that

(N S(N+1 N
S(Az,)At(MO) - S(At,Zr) (uo) = _Atr+N+1Fr(+1)v+1 (o) + O(AFTNT2),

Hence, using the induction hypothesis (3.5),

S S(N+1 S (N oV S(N+1
Sai(uo) — S5 50 o) = [Sar(uo) — 845, o)l + 1854, (o) — SV 4 (o))
N N
= Afr+N+lFr(+1)v+1(“0) - Atr+N+1Fr(+l)v+1(”0)
+O(Atr+N+2)
— O(Atr+N+2).
This, along with (3.7), gives the required result. a

Henceforth, we will always assume that the expansions in the statement of Lemma 3.1
are valid for all integers s > r and that the functions g;, and hence the modified
equations (3.1), are chosen so that (3.5) holds. Since the original vector field f is C*®
this assumption automatically holds for S, and will also hold for most methods Sa; used
in practice. The following result then follows from a standard Gronwall-based convergence
analysis.
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THEOREM 3.2 Given any uo € R? and any integer N > 1 there exists a ball B at
up, real numbers h, T > 0, and smooth functions ¢; (i = 1, ..., N) such that the local
evolution semigroups Sy, Sar Sfﬁ)t : B — R? for (2.1), (2.4) and (3.1), respectively,
are defined for all ¥ = nAt € [0, T] with At € [0, h]. Furthermore, there is a constant
Cg = Cg(T, N, B) > 0 such that foreach U € B

1S, (U) — dS5, @) + 185, (U) — S4, ()] < CsAr*N, (3.8)
forall t = nAr € [0, T] with At € [0, h].
REMARKS

(1) Note that combining (2.7), (2.8) and (3.8) (and without loss of generality taking the
same constant) gives the bound

IS, (U) = dS (U)IIl + 1870, (U) — S, ()| < CsAL”, (3.9)

which compares solutions of the original and modified equations.

(2) The key result (3.8) shows that the numerical method applied to the original system
(2.1) behaves like an order r + N method with respect to the modified equation
of index N. In other words, the method computes a very accurate approximation
to a perturbed problem. This idea has links with the concept of backward error
in numerical linear algebra, see Golub & Van Loan (1996). It is natural to ask
whether the perturbed problem has the same structure as the original problem; in
the linear algebra context this is known as structured backward error analysis. In the
next section we address this question for a variety of different families of ordinary
differential equations.

(3) Note that the constant Cg in (3.8) and (3.9) depends upon 7', N and B. Hence, in
particular, the bounds are valid only for finite time intervals and they are not uniform
in the index N. However, by optimizing over the index, Neishtadt (1984), Benettin
& Giorgilli (1994), Hairer & Lubich (1997) and Reich (1996) have shown that the
difference between the numerical approximation and a modified equation remains
exponentially small over arbitrarily long time intervals as At — 0 for a variety of
problems of interest.

4. Qualitative properties of the modified equations

In this section we employ an induction on N to establish various properties of the modified
equation (3.1). In view of Theorem 3.2 we see that, given any ug € R”, the ball B at up and
the values i, T > 0 will in general depend upon N. In the following induction arguments
we will choose a ball B and numbers /2, T > 0 such that all the local evolution semigroups
Sty Sar, SIS'Z)Z :B— R’ (m =1,...,N + 1) are defined for any t = nAt € [0, T] with
At € [0, h]. Note that & may shrink to zero as N — 00, but will be non-zero for every
fixed integer N > 1.
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By virtue of Theorem 3.2 we may assume, without loss of generality, that the same
constants C, C, C3 and C4 which appear in (2.3) may be used to bound the derivatives of
the semigroups for the modified equations up to index N + 1. Thus, for 1 <m < N + 1,

C1 < 145, @)l < €2 and C3 < (15" (W) I < Ca. @1

4.1 Integrals for the modified semigroup

Suppose that the underlying system (2.1) and the approximation scheme (2.4) share an
integral 7 € C'(R?, R). That is, for any ug € R? the function F is invariant under the
local semigroups S; and S4; in the sense that, for any U € B and At € [0, h], we have
F(S:(U)) = FU) and ]—"(S’Zt(U)) = F) forallt € [0,T] and nAt € [0, T]. We
then have the following result, which is also proved in Reich (1993, 1996) by Lie algebraic
methods.

THEOREM 4.1 Suppose the underlying system (2.1) and the approximation scheme (2.4)
share an integral 7 € C!(R?,R). Then F is an integral for the associated modified
equation (3.1) of index N for any integer N > 1. Hence, the modified equation (3.1)
has the form

L fwy+ar i A g (v),

ds i=1
where

VF@) -qi(v)=0, VYveR’ i=1,...,N.

Proof. For induction assume the modified equation of index N has 7 : R? — R as an
integral. Note that this is true for N = 0 since the modified equation of order zero is the

original equation (2.1).
Consider any ug € R”. Then, for any U € B and At € [0, h] we have

FEM W) = F), 4.2)

for all ¢ € [0, T]. Equivalently, for any At € [0, k], we have

VFw) - fi" @) =0, Vu € Im(3,,"). “3)
where
Im($M) = ueR? |u =8N (W), UeB, 1el0,TI. (4.4)

Now assume, for contradiction, that F is not an integral for the modified equation of
index N + 1, which is of the form

dv ~ -
o= FVD @y = FM @)+ AN gy ). (4.5)
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Then there exists ug € R” such that
VF(uo) - gn+1(uo) # 0. (4.6)

Otherwise, VF (u) - thVH)(u) = 0 for all u € R? and F would be an integral.

Let Co(ug) = VF(ug) - gn+1(uo)/2 # 0 and assume, without loss of generality, that
Cy > 0; otherwise, if C9 < 0, then one can redefine F by changing sign. By continuity
there is a closed ball D at u such that

VFWU) - gn+1(U) = Co > 0, YU € D. 4.7

Consider a point U € DN B and let A, T > 0 be such that, for any At € [0, k], the
evolution semigroups satisfy St(ﬁfl)(U) € Dforallt € [0, T] and U, = SZI(U) e D for
all nAt € [0, T]. Then, for any At € [0, h] and ¢ € [0, T], we have by (4.3) and (4.5)
0 ~ ~ - -
ool FGL W = VST Wy - f TSI Wy
= ANV FEEITV W) v ST W)
CoAt™N, (4.8)

WV

which implies }
IFEMED W) — FU)| = CoT Ar+Y, 49)
for all At € [0, h].
By compactness of the closed ball D, since 7 € C!(R”, R), there is a real number
C1o > 0 such that

|FU) - F(V)| < CpollU—-V]|, VYU,V eD. (4.10)

Furthermore, in view of (3.8), the modified equation of index N + 1 and the numerical
scheme (2.4) have solutions satisfying

18750 W) = 85, W)l < CgartNHL @.11)

for all At = T/n and n > n*, where n* is any positive integer such that 7'/n* € [0, A].
Since by hypothesis F is an integral for the local numerical semigroup we use (4.10) and
(4.11) to write

IFSNMEV W) = Fnl = 1FENED W) - FS5, W)

< CuollSN ) - 35,
< CgCroAr TN+ (4.12)
for all At = T/n and n > n*. This yields a contradiction, since for At < TCy/CgC1g

both (4.9) and (4.12) cannot hold. Hence F must be an integral for the modified equation
of index N + 1. The result follows by induction. d

The same argument can be used in the case where a method fails to preserve an integral
exactly, but preserves it to higher accuracy than the classic order would suggest. See, for
example, Calvo, Iserles & Zanna (1996) for instances of such methods.
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THEOREM 4.2  Suppose that the system (2.1) preserves an integral ¥ € C'(R”, R), and
that given any U € B, with B compact, there exist 4, T > 0 such that

IT(SZI(U)) — F(U)| < CnAtl, YAre€[0,h], nAr € [0, T,

for some constant C1; = C11(B, T) and integer [ > r. Then all modified equations of
index up to and including / — r also preserve F; that is,

VF@)-qi(v) =0, YveR?’ i=1,...,1—r

Proof. Applying the induction argument used in the previous theorem, we find that the
bound (4.12) is degraded by a term of O(Atl ), and hence the contradiction remains for
indicesup tol —r. O

We note that Theorem 3.2 yields two corollaries to the above result:

(i) Over any finite time interval the numerical solution approximates to O(Ar') a
modified equation that preserves F (namely, the modified equation of index / — r).

(i) For any N > 1 the modified equation of index N approximates the numerical
solution to O(Ar"+V) and preserves F to within O(Ar!) over any finite time
interval.

4.2 Reversibility and the modified semigroup

The system (2.1) is said to be reversible if there exists an invertible linear transformation
p : R? — RP? such that

f-p)=—p-f(y), VyeRP, (4.13)

where - denotes composition. (This definition, which is also used by Stoffer (1995) and
Hairer & Stoffer (1997), is more general than the definition of reversibility that is found
in some texts, such as Strogatz (1994).) The implication of property (4.13) on local
semigroups can be summarized as follows. Consider two compact sets By and By such
that B = p(B1), and let S1 4, ¢t € [0, T1] and Sz, t € [0, T2] be the local semigroups for
(2.1) defined on B; and B,. (Note that S;; and S>; can be identified by extending their
domain to a compact set including both B; and B, and possibly reducing the time-interval
on which they are defined; similar considerations apply to the numerical method and to
the modified equations considered below.) The reversibility property (4.13) implies that
the time domains of S ; and S ; can be extended to [—7», T1] and [T, T»], respectively,
and implies that the semigroups enjoy the property

p-S1i(y) =82, p(), VyeBy tel-TTi] (4.14)
Moreover, forany y € By and T > 0O such that S; ;(y) € By forallt € [T, T], we have

S2.0-p0-S1(y) =p(y), Vtel[-T,T] (4.15)
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Another way to characterize the above relations that will prove useful in our
development is the following. Define a function ¢ : [T, T] — R? by

V() =p - Sii(y) = S2— - (). (4.16)

Differentiating with respect to time and using (4.16) we see that v (¢) satisfies an equation
of the form

dy

a g, ¥) where g, ) =p- f(S1,:(¥)+ flp-Si,:(y) — V). 4.17)
Since ¥ (0) = 0, and (4.13) implies g(¢,0) = O for all t € [T, T], we deduce that
¥ (t) = 0 is the unique solution to (4.17). Hence (4.14) holds, and (4.15) follows from the
properties of the semigroup.

Extending the notation established above, a one-step method such as (2.4) is said to be

reversible if, whenever the structure (4.13) is present, we have

So.at P S1ay) = p()

for any y € B; and At € [0, ] such that S‘lgAt(y) € Bj. Here SLA, and S‘z,A, are the
local semigroups on B; and B, generated by the method. Stoffer (1995) showed that all
symmetric Runge—Kutta methods are reversible in this sense, and Hairer & Stoffer (1997)
showed that when a symmetric Runge—Kutta method is applied to a reversible system, all
modified equations are reversible. Below, we use a different technique to show that the
same result holds for all one-step methods of the form given in Section 2. A similar result
can also be proved by modifying the techniques presented in Reich (1996).

THEOREM 4.3 If equation (2.1) and the numerical method (2.4) are reversible, then
so are all modified equations. More precisely, assume (4.13) holds and assume for any
compact sets By and B; such that B = p(Bj) the method defined by (2.4) has the property

Sa.a0- P S1.2:(9) = p(3) (4.18)
for any y € By and At € [0, h] such that S‘l,A,(y) € Bj. Then, forany N > 1,
gi-p(Y)=—p-qi(y), VyeRP i=1,...,N

so that . .
WMo =—p-FV0) VyeRP.

Proof. For induction assume the modified equations up to index N are reversible, that is
i o) =—p- £y, 0<i<N,yeR’ 4.19
Jae o) ==p- fa (), SIS N, yeRA (4.19)

Note that this is true for N = 0 since the modified equation of index zero is the original

equation (2.1).
Now suppose the modified equation of index N + 1 is not reversible. This implies that

qn+1 - p(uo) # —p - gN+1(u0) (4.20)
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at some point #o € R”. By continuity, there exists a ball D around uo and some constant
C12 > 0 such that

lgn+1-p(y) +po-gnr1(Wlleo = C12, Vy € D. 4.21)

Let By = D and B, = p(By), and for i = 1,2 let 8;,, 8. 5", « B — R”
(m =1,..., N + 1) be the semigroups generated by (2.1), (2.4) and (3.1), respectively.
Given y = ug let h, T > 0 be sufficiently small _such that, for any A¢ € [0, h], we have
S10(»). 8V (9) € By forall ¢ € [~T, T1and §} ,,(y) € By for any nAt € [0, T.
Define a function ¥ : [T, T] — R? by

S(N+1 S (N+1
vy =p- SN0 =S e
Then differentiating with respect to time gives

dyr . - . -
5O = FAT I o0+ IV e,

and by the definition of 1 () we obtain

d - - ~ -
d—‘f(t) =po- fa VSN N+ 7 0 SR 0) = v (4.22)

Using (3.2), (4.13) and (4.19) we have
pofa V@) = AN p gy @) +anir e = i TV p()
and substituting into (4.22) yields

dy N By
5 O =N o an B4 0D +avi oS )]

F(N+1 S (N+1 F(N+1 S (N+1
A0 3N o = wen = Y e E o]
This expression may be written as

d - o
d—‘f(r) =A™V [p v SN ) +av oSN ON] + A0v @),

where A(?) is obtained from the integral form of the mean value theorem for vector-valued
functions. If B(#) is the fundamental matrix solving

dB
— (1) = ANB(), BO)=1,
dr
then
t
¥(6) = AV B(@) /O Bs) ' [p-av1 SN 0D +avi - oS LY ()] ds.

Now assume for contradiction that

t
B() /0 B(s)" [0 ana1(S1500) + qvsr - 0(S15 ()] ds = 0
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for all r € [0, T], with T sufficiently small. Since B(z) is close to the identity for small 7,
a straightforward continuity argument shows that

P - qn+1(S1s(Y) +gn41 - p(S15(y)) =0, Vs €[0,T].

This contradicts (4.21). Thus there are 7 € [0, T] and § > 0 such that

> 26.

HB(T)/O B(s)™' [ an1(S15(9) + qn1 - p(S1s(y)]ds

In view of (3.9) we have

T
HB(r) /O Bs) ™ [p-an SN E 0N +ansr - oS 0] ds| > 8

for all At € [0, h] with h sufficiently small, and thus

I (D) = A NS, VAt € [0, h]. (4.23)

Now define e Nl
o(r) =805 0 50— o)
so that I e
v =85V @@+ o)) = 5N e,
Since S’Z(JX;HA)I is close to the identity mapping for ¢ small, the mean value theorem and
(4.23) yield
7N s
@] = T VAt € [0, ], (4.24)

after reducing T if necessary. However, since the numerical method is reversible, we have
P@) =8 0 ST ) =S p ST a )
for nAt = t with Ar € [0, h]. By Theorem 3.2 we deduce that
o)l < CizA N VAL € [0, R]. (4.25)
Since (4.24) and (4.25) give a contradiction, we deduce that (4.20) cannot hold. This

completes the inductive step. ]

4.3 Fixed points of the modified semigroup

The next theorem shows that any numerical method which inherits the equilibria of (2.1)
as fixed points has modified equations which inherit these as equilibria.

THEOREM 4.4  Suppose that there is a point y* € R? such that f(y*) = 0 and S, (y*) =
y* for all At > 0. Then, forany N > 1, we have ¢; (y*) =0 (i = 1,..., N) and hence

FG* =0, var>o.



182 0. GONZALEZ ET AL.

Proof. For induction assume that the modified vector fields up to index N have the
property fAjtv)(y*) = 0 for all Ar > 0. Note that this is true for N = 0 since fg) = f.
Now suppose fAt +1)(y ) # 0 for some At > 0. Since

FNED () = F IV ) + A7V gy 41 (0)

this implies that gy 11 (y™) # 0, and thus f(NH)(y*) # 0 for all At > 0.

To obtain a contradiction, let D be a closed ball around y* and let A, T > 0 be

sufficiently small such that S (v*) € D forall 1 € [0, T] and At € [0, h]. Introduce a

maximum Lipschitz constant in D by

L := max{Lip[ f1, Liplgi], . . ., Lip[gn+11},

and let y(1) = 5,7V () and (1) = y(0) — »*

Now, since S” " (V") = y*, Theorem 3.2 shows that
lz@)]] < CgAr N+ (4.26)
for any t = nAt € [0, T] with At € [0, k]. By the definition of L we thus have
IF @) = fFOHI < Llz@)]) < LCs A HVH (4.27)

and
lgi (@) — qi YOI < LCs A TN T 1 <i <N+ 1. (4.28)

Using the fact that

N
i T o@) = F V0N = FO@) = FON+ Y AT g (v(0) — ¢ (6],

i=1

together with (4.27) and (4.28), it follows that there is a constant C4 such that
| AN ) = FY TP 0M)| < Craar VL 4.29)

Finally, since dz(r)/dr = F{" TV (y(#)) and z(0) = 0, we have from (4.29) that

lz(T)|| = / FOD () de

= / FOG + [0 @) = FY ] de

f FNED (% s / 17V () — YD (%) | i
TA N lgn ()| — TCraAr TV

WV

WV

Hence, after reducing % if necessary, there exists a constant Cjs > 0 such that
lz(T)Il = Cis AN,

This contradicts (4.26), and thus we must have fXIVH)(y*) =0 for all A7 > 0. d
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4.4  Symplecticity of the modified semigroup

Suppose now that the dimension p is even, say p = 2m, and the vector field f : R? — R?
is the Hamiltonian with respect to the canonical symplectic structure; that is,

fw) =JVHu) (4.30)
for some smooth function H : R? — R, where J € RP*P? is of the form
_ Omn In
J_<_Im 0m>' 4.31)

Here O,, and I,,, denote the zero and identity matrices in R” >, respectively. We now show
that when the numerical approximation scheme generates a symplectic semigroup, the
associated modified equations share the same property. This result is already well known
(see Mackay (1992), Sanz-Serna (1992), Reich (1993, 1996), Benettin & Giorgilli (1994),
Calvo, Murua & Sanz-Serna (1994) and Hairer (1994) for example), and we simply provide
a new proof using the unifying technique of this article.

THEOREM 4.5 Suppose the underlying system (2.1) and the approximation scheme (2.4)
both generate symplectic semigroups. Then the associated modified equation (3.1) of index
N generates a symplectic semigroup for any integer N > 1. Thus the modified equation

(3.1) has the form

2—’; = JV[H@) + A" 0™ (v; An)]. (4.32)

Proof. For any ug € R?P let S : B x [0, T] — RP denote the local semigroup generated
by (4.30) with image defined as

Im(S)={ueR’|u=SU,t), UeB, rel0,T]} (4.33)
and let d f (u) € RP*? denote the derivative at any point # € R? of the Hamiltonian vector
field f : R? — R? given by (4.30).

Since the vector field we are considering is Hamiltonian, the mapping S; : B — R? is
symplectic for each ¢ € [0, T'] in the sense that

ds, ()T Jds,(U) =J (4.34)

for all U € B. An equivalent statement to (4.34) is that d f (u) € RP*? is infinitesimally
symplectic for each u € Zm(S); that is,

df)TJ +Jdfu) =0 (4.35)

for all u € Zm(S). That (4.35) holds follows from (4.30) since R J + JR = 0 for any
matrix R = J A where AT = A.

For induction assume that, given any uo € RP”, the modified equation of index N
generates a local evolution semigroup S™¥) which is symplectic, and note that this is true
for N = 0, the unperturbed equation (2.1). Then, for any Ar € [0, h] and ¢ € [0, T], the
mapping St(’?t : B — RP? satisfies

dS @’y dsNwy =g (4.36)
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for all U € B. Equivalently, for any At € [0, h], the modified vector field th\l) satisfies

dfV T+ 1dfw =0 (4.37)

forall u € Zm(S).
Now assume, for contradiction, that the modified equation of index N + 1, which is of
the form

‘:1—’; = fa P = 5 @ + a4 gy (), (4.38)
generates a semigroup which is not symplectic. Then there exists ug € R” such that
@ (o) #0 (4.39)
where
D (u) = dgn+10)" T + J dgn1(w). (4.40)
Otherwise, d thVH)(u) would be infinitesimally symplectic for all # € R? and, for any

uo € R?, the local semigroup §I(,IZTI) would be symplectic.

Let C16 = Ci16(uo) > 0 be such that
1P (uo)lll = 2C16 > 0. 4.41)

Since gy 1 is C°° smooth, it follows by continuity that there is a closed ball D at ug such
that
@ W)l = Ci6 > 0, YU € D. (4.42)
GivenU € DN B leth, T > 0 be such that, for any Az € [0, k], the semigroups satisfy
SW, 1), SV W, 1) € Dforallt € [0, T]and U, = §%,(U) € D for all nAt € [0, T].
Furthermore, let V(¢) = dS’(A]\t]H)(U , 1) and note that V (¢) satisfies the matrix equation

dv ~
- =4 oy, voy =1, (4.43)
where we have used the notation uxs,(t) = S’(AAZH)(U , ). Using this relation together with
(4.37) and (4.38) it follows that, for any Ar € [0, k], we have
d S(N+1) S(N+1)
- ‘T:t (@SN, T 1SV VW, 1))

= dSNMOW, T (@FYD uar )T+ T AT war (1)) dS NV W, 1)
= A NS W, 07 (dgng1 (uar0)T T + T dg 1 (uar())dSY V(UL ).

(4.44)
For convenience we introduce the notation
ApaU, 1) =dSO VW, "7 dS{ VW, (4.45)

and for future reference we note that A, (U, 0) = J. By (4.44) and (3.9) we deduce that

% _IAA,(U, 7) = ATNASWU, )T & (S(U, 1)) dS(U, 1) + 7 (U, 1) (4.46)
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where
F U, DIl < KU, At TN (4.47)

for some K = K (U, t) independent of Az. Hence, for any ¢ € [0, T'] we have
¢ ¢
Aa U, 1) =J + Atr+N/ dSU,s)T®(SU, 5))dS(U, s) ds +/ (U, s) ds. (4.48)
0 0
If we assume that .
/ dS(U,s)T®(S(U, 5))dS(U,s)ds =0 (4.49)
0
forall t € [0, T'], then standard continuity arguments lead to the conclusion
dSWU, )T @(SU, s))dSU,s) =0 (4.50)
for all s € [0, T]. By the invertibility of dS(U, s), we then deduce that
D(SWU,s)) =0 4.51)

for all s € [0, T]. However, since S(U, s) € D for all s € [0, T], we have a contradiction
with (4.42), and so there must exist T € [0, T'] (independent of Az) and § > O such that

H’/tdS(U, )T (S, $))dSU, s) ds||| > 6. (4.52)
0

Using the above result in (4.48) gives

A (U, 7) = JIlIl > AN s — H (4.53)

/ r(U,s) ds
0

and by (4.47) it follows that
AU, ) = Tl = AN 5/2, (4.54)

for all At € [0, k], possibly by further reduction of #.
Now, using the identity

SV, 0Ty a8\ W, 1) — a8 ()T T A%, (U)
= LS W, 1y + a5, @) 7 (a8 W, 1) — a8, W)
+1@N W, 1 —d8n, @) TSNV W, 0 + 45, W) (4.55)
we obtain the bound
a3V @, v a3\ VW, vy — dSh, )T T A3, W)l
< (G2 + C)CplldSS (W, 7) — S5, )l
< (C2+ C7)CyCgAr TN (4.56)

for all At = t/n with n > n*, where n* is any positive integer such that 7/n* € [0, k].
The above expression follows from the bounds in (2.9), Theorem 3.2 and (4.1), and the
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notation C17 = ||| /||| > 0. By the definition of 4 4;, and the fact that the numerical scheme
generates a symplectic semigroup, we have

A (U, ) — J|lI| < (Ca + C7)C17Cs A" TN T

for all At = 7/n with n > nr*. This contradicts (4.54). Hence dgy1(#) must be
infinitesimally symplectic for all # € RP, which implies that the modified equation of
index N 4 1 generates a symplectic semigroup. The case N = 0 holds since it gives
the equation (2.1), and thus by induction the modified equation of index N generates a
symplectic semigroup for any integer N > 1. By the results of Dragt & Finn (1976) we
deduce that, for any integer N > 1, the modified equation is Hamiltonian as claimed. [

4.5  Volume preservation and the modified semigroup

All equations (2.1) with f divergence-free have semigroups which preserve phase volume.
Since Hamiltonian vector fields are divergence-free this result holds for all Hamiltonian
problems; indeed, for dimension p = 2, it is equivalent to symplecticity of the semigroup.
It is possible to construct numerical methods that automatically inherit the property of
volume preservation; see, for example, Feng & Wang (1994), Feng & Shang (1995), Shang
(1994), Quispel (1995) and Suris (1996) (and earlier references cited therein to the Soviet
literature). We now give a result that applies to the modified equations of one-step volume-
preserving methods; this result may also be proved by the techniques in Reich (1996).

THEOREM 4.6 If the system and method preserve volume, then so do all modified
equations. More precisely, assume that for any compact set B we have

/ dv =/ dv =/dv
S:(B) sn,(B) B

forallt = nAt € [0, T] and Az € [0, h] where h, T > 0 are sufficiently small. Then, for
any N > 1, we have V - fglv)(y) =0 forall y € R” and At > 0.

Proof. For induction assume the modified vector fields up to index N are divergence-free,
that is .
vV =o, 0<i<N, yeRP, At>0. (4.57)

Since (2.1) preserves phase volume if and only if V - f = 0, we note that the inductive
hypothesis is true for N = 0. Now suppose the modified vector field of index N + 1 is not
divergence-free for some Ar > 0. This implies that

V- gn41(ug) #0 (4.58)

for some ug € RP.
Since St(jz'tH) is close to the identity for # small and gy is smooth, we deduce from

(4.58) that there are numbers v, h, T > 0 sufficiently small and a number § > O such that

o 1
Vogvnl =8, vye [ SNV,

t€[0,T]
Ate[0,h]
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where B is the closed ball at uq of radius y. Also, if we let
YD () = / y
Sitar ) (B)
then

dy D FN+1)
dr - ,/:(NH) Ve Sar @ dv
3D (B)

t, At

= ANV g (V) do.
fﬁfﬁf V(B
Assuming first that V - gy 1 (ug) > 0, we obtain
dV(N-H)
— 2 sATTNYWNED 1yt e0,T], At €0, h].

This inequality leads to the bounds
V(N“)(t) > exp((SAt”Nt)V(N“)(O) > (14 8Atr+Nt)V(N+l)(0),
and hence
[VA+D )y — yNED ) > s A7 Vv VD), 1 €0, T1, At € [0,h].  (4.59)

Alternatively, in the case where V - gn1(ug) < 0, we have
dvV+D

< < =sArTNYy WDt €0, T, At €0, h],

and

tr+Nt

SA
VD (1) Cexp(—s AN VN (0) < (1 S

> )V(N+1)(O), (4.60)

for all ¥ € [0, T] and Ar € [0, h], after reducing T if necessary. Thus, regardless of the
sign of V - gy 41(up), we deduce from (4.59) and (4.60) that

6Atr+Ntv(N+l)(O)
2 9

[VV+D 1) — yNED ()] > t€[0,T], At €[0,h]. (4.61)

To obtain a contradiction, let

Var(n) = f dv.

S4,(B)
Then, since the numerical method conserves volume, we have Vy;(n) = VV+D(0), and
hence
VD (@) = vNED )] = [V VT (1) — Yy ()] (4.62)
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for any t = nAr € [0, T] with Ar € [0, k). Using the relations

V(N+1)(t) — /

_ S(N+1)
S ) dv = /l;det[dSl)At (v)] dv

and

Var(n) = / dv = / det[dS", (v)] dv,
5, (B) B
together with (4.62) and the derivative bounds in Theorem 3.2, we find that there exists a
constant Cyg such that

|V(N+l)(t) _ V(N+l)(0)| g C18Atr+N+l

for any t = nAt € [0, T'] with Az € [0, h]. This contradicts (4.61) and thus we must have
V'fgt\]H)()’):Oforallye]Rl’ and At > 0. 0

4.6 A negative example

The results presented in this article fit into a general framework that may be summarized as
follows: if the differential equations have a certain structural property and the numerical
method has an analogous structural property for At > 0, then all modified equations
share this property for At > 0. However, the results proved are strongly tied to structural
properties associated with certain subspaces of V(R?), the infinite-dimensional Lie algebra
of smooth vector fields on R”, as outlined in the introduction. Vector fields sharing a
particular structural property do not necessarily form a subspace of V(R?), and it is natural
to ask about the properties enjoyed by modified equations in this case. As the next example
shows, modified equations do not generically inherit structural properties shared by the
numerical method and underlying system.

Consider the scalar problem with f(x) = —u>. This is an example of a gradient system
with Lyapunov function F (u) = u®*/4. For this problem we have

d
5F@W»=—f@m»? (4.63)

Hence, the Lyapunov function F decreases along every non-constant solution trajectory. It
follows that
S;(u) -0, as t— oo, VuecRP’ (4.64)

For the implicit Euler method U, 41 = U, + Atf(U,41) it is readily shown that, for
fw) = —u?,

FUu) = FWUn) _ (U1 =Un\?
At h At '

It follows that, independently of Az,
§%,w)—0, as n-—>oo, VYueRP, (4.65)

which is the discrete analogue of (4.64).
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The first modified equation associated with the implicit Euler method on this problem
has a vector field of the form

- 3At
A(lz) () = —u’ + TMS-

S [ 2
S,fﬁ,(u) — 0, as t—> o0, for |ul< A
O, ; 2
IS, (W) = 00, as t— o0, for [u]> A

Hence, the first modified equation does not have the property of global convergence to the
origin, even though this property is shared by the original equation and the discretization.

In this case,

and
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