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THE ESSENTIAL STABILITY OF LOCAL ERROR CONTROL FOR
DYNAMICAL SYSTEMS*

A. M. STUART! AND A. R. HUMPHRIES?*

Abstract. Although most adaptive software for initial value problems is designed with an
accuracy requirement—control of the local error—it is frequently observed that stability is imparted
by the adaptation. This relationship between local error control and numerical stability is given a
firm theoretical underpinning.

The dynamics of numerical methods with local error control are studied for three classes of
ordinary differential equations: dissipative, contractive, and gradient systems. Dissipative dynamical
systems are characterised by having a bounded absorbing set B which all trajectories eventually
enter and remain inside. The exponentially contractive problems studied have a unique, globally
exponentially attracting equilibrium point and thus they are also dissipative since the absorbing
set B may be chosen to be a ball of arbitrarily small radius around the equilibrium point. The
gradient systems studied are those for which the set of equilibria comprises isolated points and all
trajectories are bounded so that each trajectory converges to an equilibrium point as ¢ — oo. If
the set of equilibria is bounded then the gradient systems are also dissipative. Conditions under
which numerical methods with local error control replicate these large-time dynamical features are
described. The results are proved without recourse to asymptotic expansions for the truncation error.

Standard embedded Runge-Kutta pairs are analysed together with several nonstandard error
control strategies. Both error per step and error per unit step strategies are considered. Certain
embedded pairs are identified for which the sequence generated can be viewed as coming from a
small perturbation of an algebraically stable scheme, with the size of the perturbation proportional
to the tolerance 7. Such embedded pairs are defined to be essentially algebraically stable and explicit
essentially stable pairs are identified. Conditions on the tolerance 7 are identified under which
appropriate discrete analogues of the properties of the underlying differential equation may be proved
for certain essentially stable embedded pairs. In particular, it is shown that for dissipative problems
the discrete dynamical system has an absorbing set B, and is hence dissipative. For exponentially
contractive problems the radius of B is proved to be proportional to 7. For gradient systems the
numerical solution enters and remains in a small ball about one of the equilibria and the radius of the
ball is proportional to 7. Thus the local error control mechanisms confer desirable global properties
on the numerical solution. It is shown that for error per unit step strategies the conditions on the
tolerance T are independent of initial data while for error per step strategies the conditions are
initial-data dependent. Thus error per unit step strategies are considerably more robust.
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1. Introduction. In this paper we consider numerical approximation of the ini-
tial value problem

(1.1) u = fu), w(0)=U,

where u(t) € R™ for each t > 0, and f:IR™ — IR™ is assumed to be locally Lipschitz.
We study variable time stepping strategies designed to control the local error incurred
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at each step. In particular, our interest lies in the effect of the error control mechanism
on the long-time dynamics of the problem (1.1) and in assessing whether, and in what
sense, the dynamics are reproduced by the approximation scheme.

Embedded Runge-Kutta pairs are studied. Let t,, denote a sequence of (unequally
spaced) grid points in time and let U,, denote an approximation to wu(t,); then the
embedded Runge-Kutta pair is defined as follows:

k
(1.2) ;i :Un+Atha,~jf(nj), i=1,...,k,
7=1
k
(1.3) Uns1 = Un + Aty bif(n;), Uo =T,
Jj=1
and
k -
(1.4) Vogr = Un + At > _b; f(n)).

=1

For convenience we set Vo = Up. The sequence {V,,}22 is introduced only to estimate
the error so that the time step may be varied accordingly. The sequence {U,}2, is
considered as the numerical approximation to u(t) and it is the asymptotic features
of this sequence that we shall study. The time step At,, is chosen so that either

(1.5) ”Un+1 - Vn+1|| < 7-Atn/|60|
or
(16) ”Un+1 - Vn+1” < T3/|60|,

where 7 < 1 is an error tolerance and eg is a scale factor to be specified later. The
strategy (1.5) is known as error per unit step while the strategy (1.6) is known as
error per step. (The cubic dependence on 7 in (1.6) streamlines the presentation of
results and is, of course, simply a matter of definition.)

In the following it will be useful to define the matrix A and vectors b, b by

(17) {A}'LJ = G5, b= (bl"”abk)Tv EZ (bla"'abk)T'

These matrices and vectors are usually chosen so that the difference of U, and V,,
provides an estimate of the error incurred over one step of the numerical method (1.2),
(1.3) as is standard for embedded Runge-Kutta pairs [3]. We say that the scheme
(1.2), (1.3), (1.4) has order (p,q) if A,b is an order p method and A,b is an order q
method. In many software codes ¢ = p+ 1 and ||[Up+1 — Vay1]| is an estimate of the
local truncation error for U, 1. However, ¢ = p— 1 is sometimes used in codes so that
the solution is advanced using the higher-order method, although the error estimate
is only strictly valid for the lower-order scheme. This is known as local extrapolation.

In addition to studying these standard methods, we will also introduce some sim-
ple schemes with desirable properties where ¢ = 1; for these methods the construction
of V41 is computationally inexpensive. Furthermore, we analyse some simple mod-
ifications of standard error control strategies which are tailored to given structural
assumptions about the differential equations.
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To study the effect of local error control on large-time dynamics it is necessary
to work with particular structural assumptions on the vector field f(e) which defines
the differential equation (1.1). Throughout we assume that || e | denotes a norm in
R™ induced by the appropriate inner product, i.e., one inherited from one of the
assumptions (D), (C), or (G) which we now introduce. Here, and throughout the
remainder of the paper,

(1.8) B, 6) ={ueR™: |v—u| <6}
and
(1.9) Qle) ={veR™:[|f(v)| <&}

Note that Q(0) comprises the set of equilibria of (1.1). The three conditions on the
vector field f(e) which we consider are (D), (C), and (G):

(D) 3a>0,8>0:(f(u),u) <a—Plul? ¥VueR™;

(C) 3B>0:{f(u) — f(v),u—v) < —B|lu—v|? Yu,v € R™ and f(0) =

(G) Jk > 0 such that

(G1) f(u) = —VF(u), where F € C*(R™,R);

(G2) F(u) > 0,YVu € R™ and |F(u)| — oo as |Jul]| — oo;

(G3) F(u) — F(v) < (f(u),v — u) + kllu —v[|*, Y u,v € R™;

(G4) All members of Q(0) are hyperbolic and ||v|| < k Vv € Q(0);

(G5) lim infyy) oo [[f(v)]| = k-
See [24] for a review of the relevance of these classes of problems in numerical analysis
and in applications. The report [25] contains similar analysis to that presented here
for an additional structural assumption on f(e) weaker than, but strongly related to,
(D); the report also contains a slight weakening of (G), which allows an unbounded
set of equilibria. We now characterize the behaviour of (1.1) under these different
structural assumptions on f(e); the following definition is fundamental.

DEFINITION 1.1. The equation (1.1) is said to be dissipative if there exists a
bounded absorbing set B C R™ and, for each U € R™, a time ¢* = t*(U) such that
u(t) € BVt > t*.

The following properties hold for (1.1).

THEOREM ODE (i) under (D), (1.1) is dissipative with B = B(0, (a + p)/3), for
any p > 0;

(ii) under (C), every solution of (1.1) satisfies u(t) — 0 as t — oo and thus (1.1)
is dissipative with B = B(0, p), for any p > 0;

(iii) under (G), for every U € R™ Jv € Q(0) such that the solution of (1.1)
satisfies u(t) — v as t — oo and thus (1.1) is dissipative with B = {u € R™ : F(u) <
max,eqo) F(v) + p}, for any p > 0.

Proof. The proof of (i) may be found in [24] and underlies much of the work in
[26]. The proof of (ii) is straightforward. The proof of (iii) may be found in [10]. O

Throughout this paper our aim is to derive discrete analogues of Theorem ODE
under the weakest possible assumptions on the tolerance 7. Note that, in fixed-step
implementation, only implicit methods will replicate the behaviour of the ODE unless
the time step is restricted in terms of initial data [24]. Thus it is of interest to derive
explicit embedded pairs which yield discrete analogues of Theorem ODE without the
tolerance T being restricted in terms of initial data. The key to our analysis is the
observation that, under certain conditions on the underlying Runge-Kutta method,
the local error control ensures that the embedded pair is close to an algebraically
stable Runge-Kutta scheme; the “closeness” is proportional to the error tolerance.
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We call such embedded pairs essentially algebraically stable and in §2 we construct
ezplicit embedded pairs which are essentially algebraically stable in this sense. Note
that algebraically stable schemes are necessarily implicit. In addition, we prove an
order barrier min{p, ¢} < 4 for explicit essentially algebraically stable embedded pairs
of order (p, q), with nonnegative b;.

In §3 we consider the question of whether it is possible to find sequences {U,}22,
and {At,}52, such that the error control schemes (1.2)-(1.4), (1.5) or (1.2)—(1.4),
(1.6) are satisfied. In particular we determine conditions under which schemes admit
sequences satisfying inf,>¢ At, > 0 since, without this, the time integration may
terminate at a finite time. This simply boils down to proving boundedness of the
numerical solution. However, the section is included since our aim is to describe
a rigorous framework for the analysis of local error control. Since the details are
somewhat technical, the basic idea (which is simple) is described in the text with
details contained in the appendix.

It is known that algebraically stable Runge-Kutta methods implemented with a
fixed time step define dissipative numerical methods for (D) and (C), respectively, for
all At > 0 (see [1], [16], [24]). In §4 we show that essentially algebraically stable error
per unit step and error per step embedded pairs also preserve the dissipativity of the
underlying system. Under (D) there is an absorbing set B, centred at the origin and
under (C) this set has radius proportional to 7 (see Theorems DC1 and DC2 which
are discrete analogues of Theorem ODE (i) and (ii)).

For (D) and (C) we consider both error per step and error per unit step strate-
gies. The error per unit step schemes have the advantage that the properties of the
underlying differential equation are inherited for 7 sufficiently small, but independent
of initial data; this means that codes based on such a strategy are extremely robust
since they operate effectively given any initial data. In contrast, the error per step
strategies can only be guaranteed to mimic the differential equation if 7 is bounded
above in terms of the initial data U. In situations where a number of simulations of
a system are made for a variety of initial conditions, it is extremely desirable to have
codes which will operate robustly with respect to changes in the initial data. For
this reason, codes which replicate the essential features of a problem for initial-data
independent ranges of T are useful.

In §5 we study gradient systems under (G). We consider only error per unit step
strategies although it is straightforward to generalise the results to the error per step
case as is done in §4. The assumptions (G1)-(G3) have the following interpretations:
(G1) is the standard gradient assumption; (G2) ensures global existence, uniqueness,
and boundedness of solutions to (1.1); and (G3) is equivalent to a one-sided Lipschitz
condition [17]. Both (G4) and (G5) are structural stability conditions on the gradient
system.

For gradient systems in a fixed-step implementation there are very few known
schemes which preserve the gradient structure for At independent of initial data (see
6], [7], [16], and [17]). The simplest of these schemes is backward Euler. Thus in §5 we
consider an error control method designed to keep the solution sequence close to that
produced by the backward Euler scheme (see (2.24), (2.27), (1.5)). For 7 sufficiently
small, but independent of initial data, we prove in Theorem G1 that this simplified
order (p, 1) error control scheme forces the numerical solution to enter and remain in
a ball centred on one of the equilibria in Q(0); the radius of the ball is proportional
to 7. Dissipativity follows from this. In addition, a modification of this error control
is proposed which actually ensures that the solution is driven to an equilibrium point
as n — oo. This is based on error per unit step control relative to a discrete time
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derivative (see Theorem G2).

The work contained here is inspired by [11] and [9], where the dynamics of error
controlled schemes are studied for linear decay problems; in particular they show that
for such problems standard error control mechanisms drive the numerical solution to
a neighbourhood of the origin which scales with the error tolerance. This motivates
the results proved here for contractive and gradient systems.

The work is also related to the work of Stetter [22] (see also [13], [14], [21])
where it is shown that, over fized time intervals 0 < t < T, and assuming that the
asymptotic expansion governing the local error is valid, the global error is proportional
to some positive power of the tolerance; this is essentially a convergence result for error
controlled schemes as 7 — 0. Further analysis of time step control may be found in [19].
Here we show that the “error” in the asymptotic behaviour (t — o00) is proportional
to a positive power of the tolerance; this is essentially a practical stability result for
error controlled schemes. In our analysis we do not need asymptotic expansions for
the truncation error to prove results; we simply use the closeness of the scheme to an
algebraically stable one.

Recently there has been some interest in the subject of spurious solutions intro-
duced by fixed time step discretisation (see [18] for a summary). One reason these
spurious solutions are of interest is that they can exist for arbitrarily small At and
thereby destroy the large-time properties of the underlying differential equation. How-
ever, in [20], a valid criticism of the body of literature on spurious solutions is voiced:
in practice, error control mechanisms will prevent spurious solutions. Qur work goes
some way toward substantiating the claim in [20].

Numerical results illustrating the results contained here can be found in [25].

Summary. It is possible to make some progress in the rigorous analysis of error
control strategies without the use of asymptotic error expansions. To this end
o We have introduced the notion of essentially algebraically stable embedded Runge-
Kutta pairs. These are error control strategies which ensure that the solution is an
O(7) perturbation of an algebraically stable scheme, where 7 is the tolerance. It is
shown that explicit essentially algebraically stable embedded pairs exist but an order
barrier of min{p, g} < 4 is proved for such explicit methods with nonnegative weights
b;. See Corollary 2.10.
e New simplified and computationally inexpensive embedded pairs are introduced
with order (p,1), p arbitrarily large, which are essentially algebraically stable. These
embedded pairs may be explicit. See Example 2.13.
e New error control strategies are introduced for gradient systems for which the error
control is relative to a discrete time derivative. See §5.
e For certain essentially algebraically stable embedded pairs applied to dissipative,
contractive, and gradient systems we prove that the underlying long-time behaviour
of the differential equation (see Theorem ODE) is inherited by the error controlled
scheme (see Theorems DC1, DC2 in §4 and Theorems G1 and G2 in §5).
e For error per unit step strategies we find that the underlying properties of classes
(D), (C), and (G) are inherited for sufficiently small tolerance, but independent of
initial data. This implies a strong degree of robustness for codes based on such
strategies. The main technical difficulty in the analysis is to obtain results for 7, the
tolerance, independent of initial data. The error per step strategies require initial-data
dependent tolerance restrictions and are hence far less robust.
e Nowhere in the analysis do we actually describe how the time step is chosen to satisfy
the error control criteria. Instead we prove that, at each step, the error control criteria
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can be satisfied. (This amounts to showing boundedness of the solution sequence
{U,}52; see §3.) Furthermore, under the appropriate structural assumptions on
f(e) we also show that it is possible to find step-size sequences uniformly bounded
from zero. This approach facilitates a straightforward approach to the analysis. To
the best of our knowledge this is the first rigorous treatment of error control strategies
over long time intervals.

e The analysis is preliminary in the sense that only a small number of standard
embedded pairs have been shown to be essentially algebraically stable. However, no
recourse is made to (possibly unwarranted) assumptions about the validity of the
asymptotic expansions underlying the error control criteria. In a subsequent paper
([15]) the converse viewpoint is taken—a large class of error controlled schemes are
analysed using similar mathematical ideas, under the assumption that the asymptotic
expansion underlying the error control is valid. To close the gap between the analysis
presented here and that in [15] would be extremely interesting.

2. Essentially algebraically stable embedded pairs. In this section we de-
fine and analyse stable embedded pairs. Roughly these are embedded pairs where the
error control ensures that the scheme is close to a standard stable method. To this
end recall the following matrices:

M = BA+ ATB - b", B = diag{b}.

DEFINITION 2.1. The Runge-Kutta method A, b is algebraically stable if M and
B are positive semi-definite. The Runge-Kutta method is DJ-reducible if for some
nonempty index set T C {1,...,s},

bJZO,JET, aZ]:O,Z¢T,J€T,

and is said to be DJ-irreducible otherwise.

Recall that any algebraically stable method is DJ-reducible to a DJ-irreducible
scheme with b; > 0,3 =1,...,s; see [5] or [12] for example.

We now find conditions under which the error control enables a given method
to be considered as a small perturbation of an algebraically stable method. Given
any scalar ey # 0 and any vector e = (e, es,...,ex)? we create a new Runge-Kutta
method from the embedded pair (1.2)—(1.4) by defining

(2.1) b=(1—-eo)b+eph
and
(2.2) A=A+ epe(b—b)T.

We use the notation
{A}m :&ija B: (817827“'3i)k)T'
From (2.1), (1.4) it follows that

k

1 1,
Vo1 =Un+ Aty Y [(1 - 53) bj + %b’] f(n5)-

j=1
Thus the error controls (1.5) or (1.6) imply, respectively, that
(2.3) IEII <7
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or
3
(24 1Bl < 2
where
k
(2.5) E = [b;—b;)f(ny).

Using (2.5), equation (1.3) may be rewritten as

(2.6) Ups1 = Un + Aty Zb f(nj) + At,E.

J=1
Furthermore, (1.2), (2.2) give

k

;= Up + Atnza”f ’f]] — epe; At Z[b

j=1
and, by (2.1), we have b — b = ey (b — b) and hence

k
(2.7) i = Un + Aty Y ai; f(1;) + e:Ato E.
j=1

Thus (2.6), (2.7) show that, under error control, the Runge-Kutta method (1.2),
(1.3) is a perturbation of the new Runge-Kutta method defined by (2.1) and (2.2);
the perturbation E is small and controlled by (2.3) or (2.4) depending upon the type
of error control used. The basic idea behind this work is that, if the scalar ey and
the vector e can be chosen to make the new Runge-Kutta method A, b have desirable
properties, then it may be possible to prove that those properties are also shared by
the underlying embedded pair A,b,b. Thus we give the following definition.

DEFINITION 2.2. The embedded Runge-Kutta pair (1.2)-(1.4) (briefly A,b,b) is
said to be essentially algebraically stable if there exists e € IR* and eq € R such that
the Runge-Kutta method A, b defined by (2.1), (2.2), is algebraically stable.

It is worth noting that if an embedded pair is essentially stable in non-
extrapolation mode, then it is also essentially stable in extrapolation mode. The
converse is also true. These facts are a simple consequence of Lemma 2.4 below. We
require the following definition.

DEFINITION 2.3. Given any embedded pair (1.2)—(1.4) we define the associated
embedded pair, found by interchanging the roles of b; and bj, by considering (1.2)
together with

Un+1 = Up + Aty bem Up=U.
J=1

and

k
Vn+1 =U, + Atnzbjf(nj)'

=1
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LEMMA 2.4. If the embedded pair (1.2)—(1.4) is essentially algebraically stable,
then the associated pair is essentially algebraically stable.

Proof. Exchanging the roles of b and b in (2.1), (2.2) a short calculation shows
that it is sufficient to replace ey and e by ejj and e*, given by

€o
ep=1—-¢y, €' =-——e
€

to establish the result. |

Note that it is possible for explicit embedded pairs to be essentially algebraically
stable and we will give examples of such schemes. With this possibility in mind
we now examine in detail the existence of essentially algebraically stable embedded
Runge-Kutta pairs. In the following we need the matrices

B = diag{h}
(2.8) M = BA+ A"B — bb!
M =BA+ ATB —bb"

We denote by I C IR the closed interval for which B is positive semi-definite if
eg € I and also define

—{xe]Rk Ty =1},
V={zeS8S:(b- b)Ix—()}
V.={zeS:|b-b"z| <e}.

LEMMA 2.5. Given eq € I\{0} for which B is positive definite, the embedded pair
A, b, b is essentially algebraically stable if M is positive definite on V. Conversely, if for
each ey € I there exists x € V for which " Mx < 0, then the embedded Runge—Kutta
pair A,b,b is not essentially algebraically stable.

Proof. The Runge-Kutta method A, bis algebraically stable if M, B are positive
semi-definite [1]. Now

o' Mz = 2" BAx + 2T AT By — achA)lA)T:B
= 2(Bx)T Az — (b"'z)?
= 2(Bz)" (Az + ege(b — b)"x) — (b7 x)?
= 2(Bz)" Az + 2e¢(b — 0) (2" Be) — (b7 x)?
="Mz + 2eo(b— b) (" Be).

If M is positive definite on V then, by continuity, for ¢ sufficiently small 3§ > 0 such
that

(2.9) "Mz >6 on V..
Furthermore, since S is a bounded set 3y > 0

2T Mz > —v on {z € S\V:}.
If we chose A > v/(2e2e?) and let e be the solution of

Be = \(b— b)eg,



1948 A. M. STUART AND A. R. HUMPHRIES

then
(2.10) 2" Mz = 2" Mz + 2)e2[(b—b)T2]> >0 on {z € S\V.}.

The first part of the result follows since (2.9), (2.10) give lower positive bounds on
z'Mz on S.
The second part of the result follows in a straightforward fashion since

o' Mz = 2" Mz on V. 0

This lemma shows that although there appear to be k+1 parameters to play with
to ensure that A,b is positive definite, in fact there is only one in almost all cases;
this follows since eg is the only free parameter in M. Thus we now concentrate on
studying M on V. (The question of the positivity of matrices on a linear subspace is
considered in [23].) Notice that if A, b is explicit then, since M is the algebraic stability
matrix for the explicit Runge-Kutta method A, I;, it cannot be positive definite on R*.
Furthermore, it is well known that the extreme values of the quadratic form 7 Mz on
V interleave the eigenvalues of M [27] and so from Lemma 2.5 we have the following
result. 5

COROLLARY 2.6. If M has two negative eigenvalues for all eg € I, then the
embedded pair A,b,b is not essentially algebraically stable.

Lemma 2.5 and Corollary 2.6 are suggestive of an order barrier for explicit essen-
tially algebraically stable methods and we now prove that if A,b,b has order (p,q)
with min{p, ¢} > 5 and b; > 0 then it is not essentially algebraically stable. Preceding
this theorem are two lemmas needed in the proof. .

LEMMA 2.7. If A,b,b has order (p,q) with min{p,q} > 5 then A, b has order > 5.

Proof. Note that if fl, b and A,b have order 5 then so does A,IA) since b appears
linearly in the order conditions [3]. Thus it is sufficient to show that A,b (and hence
by an identical argument that A, b) has order 5. Noting that

k k k
(2.11) &= a =) ai +eoeilb; — bj) = ) 0y =
Jj=1 Jj=1 j=1

the result follows from straightforward but lengthy manipulations of the order condi-
tions, using (2.2). a

The following definition will be needed.

DEFINITION 2.8. The embedded pair A,b,b is DJ-irreducible if no stages 7; can
be simultaneously removed from both the methods A4,b and A, b to yield an equivalent
method with fewer stages.

LEMMA 2.9. Assume that the embedded pair A,b,b is explicit, DJ-irreducible,
essentially algebraically stable, and has order (p,q) with min{p,q} > 5. Let T = {j €
Z:b; = 0}. Then

() >3:T={j:1<j<J)
(i) Yoy dies = Yhoyaije; = c2/2,i ¢ T
(iif) bj # 0, b; #b; Vj € T;
(iV) aij; = eibj,&ij =0,Yi,5:1 ¢ T,jeT;
(v) 3jeT:b; <O.
Proof. We define
k 02 R k
(2.12) d; = ;aijcj - 31, d; = a
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Since A,B, A,b, and A,b have order at least 5, it follows from the proof of Lemma
IV.13.12 in [12] that

k k k
(2.13) > bidz=0, Y bid?=0, ) bid}=0.
=1 =1 i=1
Since A, b is algebraically stable it follows that bi >0 forall 5. Let T = {7: Bj = 0}.
Thus
(2.14) di=0 ifigT.
Also

k k
Zdijcj = Z[aijcj + eoei(bj - bj)Cj]
Jj=1

=1

k k k
= E Qi;Cj + €o€; E Cjbj - Cjbj = E a;ijCj
Jj=1 Jj=1 Jj=1

since the methods A, b and A, b have order greater than 2. Thus, by (2.12) and (2.14),
d; = d; Vi and so

(2.15) di=0 VigT.

Equations (2.14), (2.15) establish (ii).
Because the method A, b is algebraically stable it is DJ-reducible [12] to a method
with b; > 0. Thus it follows that

(2.16) dij = a5 + eoei(bj — bj) =0, Vi ¢ T,je€T
and that
(2.17) i)j =b; + 60(5]‘ - bj) =0, VjeT.

For the purposes of contradiction, let j € T and b; = 0. Then b; = 0 since ey # 0 and
it follows that a;; = 0 Vi ¢ T, j € T. But this contradicts the irreducibility of 4,b,b.
Thus b; # 0 and then b; # b; by (2.17). Hence

(2.18) bj #0and b; #b; VeT.
Combining (2.16), (2.17) gives
(2.19) aij =eb;, Vi,j:ig¢T,jeT.
Equations (2.16)-(2.19) establish (iii) and (iv).
Now we characterise T. Clearly 2 € T for if not we have by (2.15)

k
(2.20) d2 = Zaszj = —03/2 = 0,
j=1

which is not possible for an irreducible explicit method. For the purposes of contra-
diction, let 1 ¢ T. Then, since the method is explicit a1z = 0 and (2.19) gives e; =0
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since by # 0, by (2.18). Now e; = 0 implies @1; = aq; = 0 Vj, by (2.2). This gives a
contradiction since a;; = 0 implies

eI Mz = —IA)% <0

if z = (1,0,...,0) and since by > 0if 1 ¢ T; this violates the algebraic stability of
A,b.

Thus 1,2 € T. Assume that j € T for 1 € j < J and that J + 1 ¢ T. For the
purposes of contradiction, assume that 35* > J 4+ 1: j* € T. Then, since the method
is explicit, ay41 j« = 0 and so, by (2.19), ej4+1 =0, since b;» # 0 by (2.18). Thus, by
(2.2),

ajy1,5 =ay41,; Vj.

If the vector z is defined by {z}; = 6; s+1 with the usual Kronecker-delta notation
then it follows that Az is orthogonal to Bz

(Az}; = aigp1, {Bz}i =bibi 11,
so that
(Bz)" (Az) = bys18541,041 = bs10741,041 =0,

since a;; = 0 for explicit methods. Hence z7 Mz = ~b2 +1 < 0 and the contradiction
follows since BJ+1 >0asJ+1¢T.

Finally, to complete (i), we need to show that J > 3. By (2.12), (2.13), and (2.15)
we deduce that

J
(2.21) > bid? =0.

=1

Note that ds # 0 for an irreducible explicit method by the argument following (2.20).
Since d; = 0 for an explicit method, dz # 0 and by # 0 by (iii), we deduce that J > 3.

To complete (v), note that since by, ds # 0 it follows that there exists j € T for
which b; < 0. a

Corollary 2.10 follows automatically from Lemma 2.9(v).

COROLLARY 2.10. There are no explicit essentially algebraically stable embedded
pairs with nonnegative weights b; and order (p,q) satisfying min{p, ¢} > 5.

Proof. Assume to the contrary that p,q > 5 and the weights b; > 0. By Lemma
2.9(v) we obtain a contradiction. 0

Remark. Many standard methods are constructed with the simplifying assump-
tion that the b; > 0 [3]; thus Corollary 2.10 maybe of interest. However, some
embedded pairs used in practice do not satisfy b; > 0, leaving open the question of
the existence of high-order essentially stable methods.

We now proceed to give some examples of essentially algebraically stable embed-
ded pairs.

Ezample 2.11. One of the simplest error control strategies is to take the explicit
Euler scheme

(2.22) Unt1 = Up + Atn f(Un)
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and then form the second-order accurate approximation

(2.23) Vas = Un + B2 (U) + f(Unin)]

This method has order (1,2). In the standard Butcher notation we have that

(00

If we take eg = 2 and e = (0,1)7 then

() ()

The new method is DJ-reducible [12] to the backward Euler scheme. Thus (2.22),
(2.23) are essentially algebraically stable.
We can also consider the scheme in extrapolation mode so that

=

N[

Vn-l—l = Un + Atnf(Un)

and

At,
Un+1 = Un + T[f(Un) + f(Vn+1)]~
By Lemma 2.4 this method is also essentially algebraically stable.
Fzample 2.12. As a second example we consider the Fehlberg order (2,3) method

given by

m = Una

ne = Un + Atn f(m),

Mo = Un+ S22 (50m) + 02,
At,

Un+l =U, + T[f(nl) + f(772)]7

Vs = Un + 5520 m) + fl)] + 252 ).

In the standard Butcher notation we have that

0 0
A: 0 0 y b:
Lo

If we take ey = % and e = (0,0, %)T then
) ,

= O
O = Nl
S
WD = D=

N O O

>

Il
//
= o O
N~———
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The new method is DJ-reducible to the implicit midpoint rule and hence algebraically
stable. As in the previous example, the scheme can be shown to be essentially alge-
braically stable in extrapolation mode by means of Lemma 2.4.

Example 2.13. Because of the order barrier established in Corollary 2.10, it is
not possible to find explicit essentially algebraically stable embedded pairs with order
(p,p+1), p > 5 and positive weights b;. However it is possible to seek methods of
order (p,1) for arbitrarily large p. Let

(2.24) Uni1 = Up + At f(Un; Atn), Up=U,

denote any Runge-Kutta method where f(U,;At,) is defined by the internal stages
of the Runge-Kutta method by (1.2), (1.3). Thus in the case of explicit embedded
pairs we have

i—1

(2.25) Gi(u, At) := " aii f(u+ Atg;(u, At)), i=1,...,k,
Jj=1
(2.26) flu, At) Zb flu+ Atg;(u, At)).
j=1

Now define, for 6 € (0, 1],

(2.27) Vi1 = Up + Dtn[(1 = 0) f(Up; Atn) + 0f(Ups1))-
The error controls (1.5), (1.6) with eg = 0~ then imply that
(2.28) 1 (Un; Atn) = f(Unin)l| < 7

or

(2:29) 1f(Uns Atn) = f(Un)ll < 7°/ At

respectively, so that the original scheme is close to the backward Euler scheme and
hence it may be shown that the embedded pair is essentially algebraically stable. (The
details are omitted for brevity.)

Notice that while this error control is nonstandard, it is cheap to implement since
f(Un41) must be calculated as the first function evaluation in the next step of any
explicit method. Indeed the error controls (2.28) or (2.29) can be implemented directly
without calculating V,, 41 and could be used, for example, in addition to a standard
error control mechanism based on an order (p,p + 1) pair. It is conceivable that,
provided 7 is chosen sensibly in relation to the tolerance arising from the standard
error control code (that is, substantially larger), then the additional constraint on the
choice of time step will not greatly increase computational expense. However this has
not been verified.

If (2.24) is the explicit Euler scheme and 6 = 1/2, then the method is simply the
order (1,2) pair of Example 2.11. However, if the method (2.24) has order p > 1 then
(2.27) has order 1: Assume that (2. 24) is defined by a (k — 1)-stage Runge-Kutta
method and let {b;,c;}*=! and {b;, & }¥_, denote the standard weights for the Runge~
Kutta methods (2.24) and (2.27), respectively. If (2.24) has order p > 1 then, by

3],
k-1 k-1 1
Zbi"—‘l, ;bicizg

=1
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The method (2.27) has

bi=(1-0)0b;, ¢ =c;, i=1,...,k—1

and
bk = 9, Cp — 1.
Clearly
k
ZI_)i = 1;
=1
however
k
- 1-6 1 6 1
;bici—Tﬁ-e—-i-ﬁ-i#‘i

since § = 0 is not admitted. Thus (2.27) has order 1.
Ezample 2.14. The methods of Example 2.13 can be generalised as follows. Let

(2.30) Uns1 = Up + At f(Un; Aty), Uy =T,
(2.31) Vi1 = Un + Aty [(1 = 0) f(Un; Aty) + 0 £(n)],
where

and ¢ € [%—, 1]. Equation (2.30) represents any explicit Runge-Kutta method defined
by (1.2), (1.3) and f is therefore defined by (2.25), (2.26). The assumption that ¢ €
%, 1] is necessary and sufficient for the embedded pair to be essentially algebraically
stable. If = £,¢ =1, and f(u; At) = f(u) then the method is the embedded (1,2)
pair of Example 2.11. If ¢ = %, 0= %, and f is appropriately chosen, then the method
is the Fehlberg (2,3) pair described in Example 2.12.

Notice that the methods of Example 2.12 correspond to choosing ¢ = 1. Setting
¢ # 1 allows higher-order error control than is possible with the methods of Example
2.12, but at the cost of introducing an extra stage to the Runge-Kutta method.

The order barrier min(p,q) < 2 for (2.30)-(2.32) can be established by manipu-
lating the order conditions. It is also easy to see that if p > 2 and ¢ = —;— then ¢ = 2
and hence that there exist schemes of order (p,2) for arbitrarily large p.

3. Satisfaction of error control criteria. The numerical approximation to
(1.1) is given by a sequence {U,}5°, generated by (1.2)-(1.3). To specify such a
sequence, given initial data Uy = U, it is necessary to show that there exists a sequence
{At,}52 so that the Runge-Kutta equations (1.2) are solvable for every n > 0 (which
is, of course, trivial, if the error control scheme is explicit) and so that the error control
criteria (1.5) (or (1.6)) is satisfied for every n > 0.

Furthermore, for the kind of problems in which we are interested here, the un-
derlying differential equation has solutions which are defined and remain bounded for
all t > 0. For this reason it is important to show that the error control criteria may
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be satisfied for a time step sequence {At,, }°, uniformly bounded from zero, that is,
infn>0 At, > 0.

In this section we describe a general framework in which we analyse these is-
sues. The basic idea is simple: if f(e) is Lipschitz and the solution sequence remains
bounded, then it is possible to satisfy the error control criteria with a step-size se-
quence uniformly bounded from zero. The technicalities are rather lengthy and rel-
egated to an appendix. Statements of results and definitions are all that are given
here.

We commence by defining appropriate classes of functions and making a definition.

NOTATION 3.1. We denote the class of Lipschitz continuous functions mapping
R™ into R™ and satisfying (D), (C), or (G) by F(D), F(C), and F(G), respectively.

Since we do not specify how a solution sequence satisfying the error control criteria
(1.5) or (1.6) is actually found (we simply prove that such sequences can be found) it is
necessary to distinguish between sequences which have time steps uniformly bounded
from zero and those which do not. Roughly an admissible sequence is one with time
steps uniformly bounded from zero. A more precise definition follows.

DEFINITION 3.2. Given an embedded pair (1.2)-(1.4), (1.5) (respectively, (1.2)—
(1.4), (1.6)) a sequence {(UL, VL' At,)}22, with (UL, V.I'| At,) € R*PT! satisfying
(1.2)—(1.4), (1.5) (respectively, (1.2)-(1.4), (1.6)) is admissible if inf,, 9 At, > 0. An
embedded pair is F(e)-admissible if, for every function f € F(e) and all U € R™,
there exists 7% = 7*(f,U) such that the embedded pair has an admissible sequence
for each 7 € (0,7*). The pair is F(e)-globally admissible if it is F(e)-admissible and
7% = 7*(f) is independent of U.

Note that an F(e)-globally admissible embedded pair is considerably more robust
than an F(e)-admissible embedded pair since a suitable 7 can be found which is
independent of initial data U. The following theorems and corollaries are proved in
the appendix. Lemma A1l in the appendix, concerning solvability of the implicit
Runge-Kutta equations, is frequently referred to in the text.

THEOREM 3.3. Assume that 37* = 7*(U) > 0 and a compact set I = I(U) Cc R™
such that for T € (0,7*) any solution sequence {U,}22, satisfying (1.2)—(1.4), (1.5)
remains in I ¥n > 0. Then, for any 7 € (0,7*), there exists an admissible sequence
satisfying (1.2)—(1.4), (1.5).

COROLLARY 3.4. Assume that, for every function f € F(e) and all U € R™,
Ar* =71*(f,U) > 0 and a compact set I = I(f,U) C R™ such that for 7 € (0,7*) any
solution sequence {U,}52, satisfying (1.2)—(1.4), (1.5) remains in I ¥n > 0. Then
(1.2)—(1.4), (1.5) is F(e)-admissible. If 7* is independent of U then (1.2)—(1.4), (1.5)
is F(e)-globally admissible.

THEOREM 3.5. Assume that 37* = 7*(U) > 0 and a compact set [ = [(U) C R™
such that for T € (0,7*) any solution sequence {Up}22, satisfying (1.2)—(1.4), (1.6)
remains in I ¥Yn = 0. Then, for any 7 € (0,7*), there exists an admissible sequence
satisfying (1.2)-(1.4), (1.6).

COROLLARY 3.6. Assume that, for every function f € F(e) and all U € R™
Ir* =7*(f,U) > 0 and a compact set I = I(f,U) C R™ such that for 7 € (0,7%) any
solution sequence {Un}S2, satisfying (1.2)-(1.4), (1.6) remains in I Yn = 0. Then
(1.2)—(1.4), (1.6) s F(e)-admissible. If T* is independent of U then (1.2)—(1.4), (1.6)
is F(e)-globally admissible.

To clearly state the sense in which the numerical method inherits the properties
of the differential equation for problems under (D), (C), and (G), we give the following
definition, analogous to Definition 1.1 for (1.1).

DEFINITION 3.7. Let the embedded pair (1.2)—(1.4), (1.5) be F(e)-admissible
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and denote inf,,>¢ At, = At for a given admissible sequence. The embedded pair is
said to be F(e)-dissipative if there exists a set B, C R™ and 7. = 7.(f —U) such that,
for every admissible sequence with Uy = U € R™ and 7 € (0,7.), 3n* = n*(U, 7, At)
such that

U, €B, Vn>=n"

The pair is F(e)-globally dissipative if it is F(e)-globally admissible and if, in addition,
Te = 7e(f) is independent of U.

Note that, from the definition B, is independent of U. It is also essential in
applications that B, be uniformly bounded as 7 — 0; this has not been made part
of the definition but is true in all cases in this paper. Note that absorbing sets are
not unique so that it does not make sense to talk of convergence of absorbing sets as
7 — 0. Nonetheless, it is possible to talk about convergence of the B, with minimal
possible radius. However we are unable to show convergence of the B, of minimal
possible radius to the B of minimal possible radius as 7 — 0. An error proportional
to the largest allowable time step remains as 7 — 0.

4. Dissipative and contractive problems. In this section we analyse error
control schemes under assumptions (D) and (C), respectively. We assume throughout
that there is an upper bound At,,x on the time step; this need not be small and can be
thought of as an O(1) bound independent of 7. Such an upper bound is often imposed
by an actual implementation of an embedded pair in a software code to prevent
enormous steps from being taken (see [8] for a discussion of this point). Furthermore,
we make the following assumption, recalling that any algebraically stable method Ab
is DJ-reducible to one with positive weights [12]:

(K) For the algebraically stable scheme A,b DJ-reduced so that B is positive def-
inite, there exist vectors x = (x1,...,2x) and (dy,...,dg) such that

Ald+ Mz = b — diag{e}b
and
wld =1

where w = (1,...,1)%.

Note that (K) requires that some linear combination of the columns of M and A
is an invertible matrix. The schemes in Examples 2.11-2.14 all satisfy this condition.

We prove the following two results which show that the error control enforces
discrete analogues of Theorem ODE(i), (ii). Notice that, for the error per unit step
scheme, the upper bound on the tolerance is independent of initial data. This is not
true for the error per step scheme.

THEOREM DC1. Consider (1.2)-(1.4) with error control (1.5). Assume that
A, b,b is essentially algebraically stable and satisfies condition (K) and that At,, <
Atpmax Y = 0. Then the embedded pair is F(D)-globally dissipative and F(C)-globally
dissipative. In the second case 3¢ > 0 : |[ul|? < c7? Vu € B,, the absorbing set.

THEOREM DC2. Consider (1.2)-(1.4) with error control (1.6). Assume that
A, b,b is essentially algebraically stable and satisfies condition (K) and that At, <
Atmax VY = 0. Furthermore, assume that the unique solution of the Runge—Kutta
equations (1.2) satisfying n; € Q(U,,) constructed in Lemma A1 is used for eachn > 0.
Then the embedded pair is F(D)-dissipative and F(C)-dissipative. In the second case
Je > 0: ||ul|® < er Yu € B,, the absorbing set.
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Note that Theorem DC1 is considerably stronger than DC2 since global dissipa-
tivity is achieved.

The property of the differential equation which follows under structural assump-
tion (D) and which we wish to exploit in our numerical analysis is that

5 I} < o~ Blu(o)

this implies that |lu(t)||? is strictly decreasing outside a ball of sufficiently large radius,
yielding dissipativity. We now derive a preliminary lemma. for the scheme (1.2)-(1.4),
using the representation (2.6), (2.7). This lemma is related to the property of the
differential equation just described. Our approach is motivated by the papers [1] and
[16] where similar manipulations are performed in the case E = 0. Throughout we
use the notation f; = f(n;).

If A, b,b is essentially algebraically stable then the new Runge-Kutta method A, b
is algebraically stable by definition. Furthermore A, bis DJ-reducible to a method with
B positive definite [4], [12]. If such a nontrivial reductlon is possible then we define
a reduced Runge-Kutta method from A b by removing n;,j € T' (where T is defined
in Lemma 2.9) from the definition. However we will use the same notation A,b for
the reduced method and the same index k for the number of stages. All subsequent
manipulations of (2.6), (2.7) apply with k, A, b given by reduced method. Notice (from
Examples 2.11 and 2.12 ) that the reducibility of the method A, b does not imply the
reducibility of the method A, b, b.

LEMMA 4.1. Let the embedded pair A,b,b be essentially algebraically stable and
satisfy (K). Then, under assumption (D) on f, solutions of the embedded pair (1.2)—
(1.4) satisfy

k
U1l < U2 + 288, > bilo — Blns |1

(4.1) o7
+2At, Y di(E,mi) + CAL|E|?,
=1
where
k k
(4.2) C=" |myziz;| +2)_|dje;| + 1.
3,7=1 j=1

Proof. From (2.6) we obtain, with the notation f; = f(n;),

k

k
1Unsal® = [Ull? + 240> "bi(Un, ;) + A2 Y bibj{fi, £;)

j=1 i,j=1
k ~
+ 20t (B, Uy) + 2082 "bi(E, f;) + A2 | E|%.
j=1

Now, from (2.7) we have that

k
(M5 fi) = (Un, fi) + Atnzdij<fi7fj> + e Atn(E, fi).

Jj=1
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Combining these expressions gives

k
(4.3) [Uns1l® = [Unl® + 24t "bs(mi, fi)
=1
ko ko
—20t% > " bitaj (i, f3) — 202 “biei(E, fi)
1,j=1 i=1
k A A
+ALE D bibi(fi, f)
ij=1

k
+2Atn (B, U,) + 202> "b;(E, f;) + A2|| E||.

J=1

Now note that, by assumption (K) on d and by (2.7),

k k k k k
(4.4) U, = ZdzUn = Zdﬂh — Atnzdizdijfj — AthdieiE.
i=1 i=1 =1 j=1 i=1

Recall M defined by (2.8) and let My = {M }ij. By the symmetry of M it follows
that

k k
D tuilfi fi) = Y muglfi - @i, f; — @i E)

i,j=1 t,5=1
(45) k k
+2 Z mijJJi(E, f]> - Z mijmimj||E||2'
i,j=1 =1
Noting that
ko ko R
2 Z b (fi, f5) = Z [bidij + bja;)(fi, f7)
i,5=1 i,5=1

and combining (4.3)-(4.5) gives

k k
[Uniall® = ([0l + 2480 > bilmi, fi) — ALY i (fi — 2:B, f; — 2, E)

i=1 i,j=1

k k
202 izl E, f) + A2 thijzis|| B

i,j=1 i,j=1
k R k
+2A82 "bi(1 - ;)(E, f) + AZ|E||? + 24t, Y _di(E,m;)
Jj=1 =1

k k
—2Ati Z (Alijdi<E, fJ> — 2AtiZd1€,”E”2

3,j=1 =1

Using the structural assumption (D) on f, the positivity of M, and condition (K) on
the method, we deduce that (4.1), (4.2) hold. This completes the proof. 0
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4.1. Error per unit step. We now prove Theorem DC1 through a basic lemma
on admissibility. Recall that, for the DJ-reduced method which for simplicity we
denote A, b, it is known that b; > 0 for all 4. Now, using

2di(E, mi)| < |dil ]| 1+ [Ins]1?]

we obtain from Lemma 4.1, in the error per unit step case (1.5) (which implies (2.3))

k
(4.6) 1Uns1l® < NUnl® + 2880 bila — Blln:l?),
=1
where
~ T2CAtmax T ldzl 3 T | il
(47) a—a+~———§~——-+—2—m§1x—lx)z—, 6—B——§mlaxi)—z,

and we have assumed that At, < Atmax. If we define

. 203b
4.8 7% = min
(4.8) i

then ﬂ~ > 0 provided that 7 < 7*.

LEMMA 4.2. Assume that At, < Atmax VYn = 0. Then, under the conditions
of Lemma 4.1, the embedded Runge-Kutta pair (1.2)-(1.4), (1.5) is F(D)-globally
admissible and F(C)-globally admissible.

Proof. Note that F(D) global admissibility implies F(C) global admissibility
since assumption (C) implies (D) with o = 0. Let 7* be defined by (4.8), noting that
it is independent of U. Given any p > 0, define

a+
(4.9) R=2T2 0 AtparK
B
where
2
k
R 20 bt )+ M0 |3t |.
T 2 : J 1

and

a+p
4.10 2= ——L,
(4.10) 5. a0
Let

= {we R™: ul” < max{|U[P, R}}

We show that any solution sequence must remain in I(U). Noting that Uy € I(U), we
proceed by induction.
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Assume that Uy € I(U). Now, if

k
S bia - B2 <o

i=1

then (4.6), which follows from Lemma 4.1, gives
[Un+11* < IUNII? < max{||U]?, R}
and Uy € I(U) follows. Alternatively, if
k ~ ~

> bia - BlmliA) > 0

=1
then

= Il < =22, p>o.

k A
> billmill? <
i=1

Now (1.2), (1.3) give

2 Rt

k
Uni1=7i + AtnY_ei; (1)

j=1

and hence
2

k
Zeijf(nj)

=1

k
1Unill® = Imill® + 2880 > _eij(mi, £(n7)) + AL2
Jj=1

Noting that

k
1Uniall? = 3 BillUna I

i=1

we obtain Uy4; € I(U) and the inductive step follows. This completes the proof by
Corollary 3.4, since 7* is independent of U. 0

Proof of Theorem DC1. The F(D)- and F(C)-global admissibility of the scheme
are established in Lemma 4.2. Thus it remains to exhibit an absorbing set B, for
every admissible sequence.

Let 7. = 7* defined by (4.8) and define

(4.11) B, = {ueR™: |ul* < R},
where R is defined by (4.9). Take any p > 0. While

k
(412) S bila - Al < —p
i=1

we have from (4.6)

(4.13) U1l < |U|I> — 24t 5p.



1960 A. M. STUART AND A. R. HUMPHRIES

Alternatively, if
k -~ ~
(4.14) > bila = Blnill*) = -
i=1
it follows that

k ~
5 a+p
> billmill* < —=+
=1

™

and then, as in the proof of Lemma 4.2, that
(4.15) [Un41]l” < R.

Now, if || U,||? < R and (4.12) holds, then from (4.13), we have that ||U,11]|? < R.
On the other hand, if (4.14) holds then ||U,41||*> < R by (4.15). Hence the set B,
is positively invariant. It remains to show that iterates starting outside B, enter B,
after a finite number of steps n*(U, 7). A simple contradiction argument shows that
this must occur, for if ||U,41||2 > R ¥n > 0, then (4.13) holds for all n > 0 and hence,
since the sequence is admissible, IAt > 0

IUnI* < |UI* - 2AtpN, N > 0.
Letting N — oo gives a contradiction. Thus we have F(D)- and F(C)-global dissi-

pativity.
In the second case where (C) holds we have that o = 0; using the fact that

<E’7h> < WHE” + EHWH

and making the choice & : 62 = 8b;/d; for each i we obtain (4.6) with

T ~pd2| B
6= [CAtmaX+; | f=5.
The proof proceeds as for (D) except that now we take p = 72 in the construction of
R given by (4.9). Clearly v; = O(7) and by the Lipschitz continuity of f it follows

that

N

max max | f(n:) — f(0)|| < kT
i Imll<vs

for some constant x independent of 7. Thus, since f(0) = 0, (4.9) shows that R = cr,
¢ independent of 7, and this completes the proof. 0

4.2. Error per step. We now extend the analysis of §4.1 to the error per step
case. We require explicit bounds on the solutions of (1.2) in this subsection and
hence frequently appeal to Lemma A1 of the appendix where a constructive existence
theorem for n; satisfying (1.2) is given.

We define R as in (4.9) and set

(4.16) Ry = max {R, ﬁiﬂr_ﬂ} :
B—T
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We may then define

(4.17) IU)={ueR™: ||lul|®* < max{||U||*>, R1}} .
Now let
-1
(4.18) 77 = min {T*, 8,2 [(d + I;)l;k2’yL1 sup ||f(u)||] },
wel(U)

where 7* is defined by (4.8), the constants @, b, and + are as in Lemma Al,

Ly= sup L(X),
Xel(U)

and L(X) is the Lipschitz constant for f described in Lemma Al.

We now prove Theorem DC2 through a basic lemma on admissibility, paralleling
the proof of Theorem DCI.

LEMMA 4.3. Assume that At,, < Atmax VY = 0. Furthermore, assume that the
unique solution of the Runge-Kutta equations (1.2) satisfying n; € Q(U,) constructed
in Lemma Al is used. Then, under the conditions of Lemma 4.2, the embedded Runge~
Kutta pair (1.2)-(1.4), (1.6) is F(D)-admissible and F(C)-admissible.

Proof. Assume for the purposes of induction that

Un € I(U).

Clearly this is true for N = 0. Recall the bound (2.4) for ||E|| under (1.6). Clearly,
if Aty > 72 then ||E|| < 7 and (4.6) follows just as in the error per unit step case.
Thus, if Aty > 72 we deduce that, as in the proof of Theorem DCI, either

(4.19) [Un+1]? < UN|? = 2AtNp
or
(4.20) [Un4+1l* < Ra,

since R < R; by (4.16).
If Aty < 72 then we may exploit the size of Aty and work with the numerical
method in the original form (1.2), (1.3). From (1.3) we obtain

k k
Uni1=Un+ Aty Y bif(Uni1) + Aty > bslf(n;) = F(Un41))-

j=1 j=1

Taking the inner product with Un41 we obtain, from (D) and using L(e) as defined
in Lemma A1,

k
1 1
-2-||UN+1||2 < -2-||UN||2+AtN[a—ﬂ|IUN+1II2]+AtNijL(UN)|Inj = Uns1ll |Un41]l-
j=1

Applying Lemma Al we obtain

”nj - Un” + HUn—I—l ': Un”
Ataky|| f(Un)|l + Atbky||f (Un)]l.

115 = Un-ll

NN



1962 A. M. STUART AND A. R. HUMPHRIES
Hence

1 1 o
SNl < -2-IIUN||2+At1v[a—ﬁHUN+1||2]+AtNTQ(a+b)bk2Lz sup | 1f @HUN 1l
ue

and using 7 < 71 we obtain

1 1
SIUN 1 < SIUNI? + Atw[(e +7) = (5 - TIUN-411%).

Thus, either (4.19) holds or

a+T+p
8-

[Un11]* < < Ry,

which is equivalent to (4.20).

Hence we have shown that (4.19), (4.20) are true regardless of whether At,, < 72
or At, > 72. From these it follows simply that Ux,; € I(U) and the induction is
complete. The proof then follows from Corollary 3.6, noting that 7 depends on U. 00

Proof of Theorem DC2.  The proof is identical to that of Theorem DC1, noting
that (4.19) and (4.20) form the basis for the induction; we take 7. = 7{ and

B, = {ueR™: ||ju? < Ry}

Because of the dependency of 7 on U only F(D)- and F(C)-admissibility are ob-
tained. Note that, in the case of structural assumption (C) we take p = 7 to obtain
the result. ]

5. Gradient systems. In this section we consider error control schemes for gra-
dient systems satisfying (G). Recall that in a fixed time step implementation there
are very few schemes that are known to be gradient stable (see [24]); the simplest
gradient stable scheme is backward Euler. Hence we are unable to prove results for
arbitrary essentially algebraically stable embedded pairs, but derive positive results
for the order (p,1) embedded pair (2.24), (2.27) constructed in Example 2.13. This
is possible since the error control forces the numerical method to behave as a small
perturbation of the backward Euler scheme. We will impose an upper bound Atp,ax
on the time step. Unlike the previous section, where for dissipative problems At ax
could be taken to be arbitrarily large, for gradient systems Aty,ax will be bounded
above in terms of the one-sided Lipschitz constant k appearing in (G3).

Recall that the equation (1.1) has the property that under (G) all trajectories
approach equilibria as t — o0o. In §5.1, we consider the error per unit step strategy
(1.5) and prove the following result.

THEOREM G1. Consider (2.24)-(2.27) and (1.5). Assume that At, < 1/2k Vn >
0. Then the embedded pair is F(G)-globally admissible; furthermore, there exists T* >
0 such that, for any 7 € (0,7*) and any admissible sequence, AN* = N*(U,7) > 0,
v=v(U,7) € Q0), and K >0

U, —v|| < KT V¥n>N™

Thus (2.24)—~(2.27) under (1.5) is F(G)-globally dissipative.

This result is analogous to Theorem ODE(iii); however, rather than obtaining
convergence to equilibrium we are guaranteed that solutions eventually enter and re-
main in a neighbourhood of an equilibrium point. It is possible to generalise Theorem
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G1 to the error per step case as for the dissipative case in §3 and also to implicit (2.24)
but we do not give details here. In accordance with the work of Hall [11] and Griffiths
[9] on linear decay problems we know that the numerical solution may perform small
oscillations about an equilibrium and hence that Theorem G1 is best possible for the
error control (1.5). If we wish to ensure that the numerical solution is actually driven
to equilibrium then we must modify (1.5). We consider a modification of the error
control mechanism (1.5) specifically designed for gradient systems; we replace (1.5)
by

(5.1) [Unt1 = Vasall < O7|Upgr — Unll.

This is a form of error per unit step error control relative to an approximation of
the time derivative, that is, when the time derivative is small then the time step is
made small also. Clearly (5.1) may not be an appropriate error control in general
but, once a trajectory of a gradient system has approached and remained inside a
small neighbourhood of an equilibrium for a substantial time, it is natural to drive
the solution to that equilibrium. It is clear that (5.1) should achieve this and in §5.2
we outline proof of the following theorem.

THEOREM G2. Consider (2.24)—(2.27) and (5.1). Assume that At, < 1/2kVn >
0. Then the embedded pair is F(G)-globally admissible; furthermore, there exists T* >
0 such that, for any 7 € (0,7*) and any admissible sequence, Jv = v(U, ) € Q(0)

lim ||U, —v|| =0.
n—oo

Thus (2.24)—(2.27) under (5.1) is F(G)-globally dissipative.

Note that, with error control (5.1) in Theorem G2, the structural stability as-
sumption (G5) is not required in the proof and a modified statement could be made
to reflect this fact.

5.1. Error per unit step. Since the set of equilibria is bounded and each mem-
ber is hyperbolic, the set Q(0) contains a finite number of points which we label
{v;}7/_,. Furthermore, there exists § > 0 such that

(5.2) min [|v; — v = 6.
i#]

We now prove that the set Q(e) is made up of a finite number of isolated neighbour-
hoods of equilibrium points, each of which may be inscribed in a ball with radius
proportional to e. For simplicity we drop the argument € of (), and the associated @Q;
defined below, throughout the remainder of the section.

LEMMA 5.1. There ezxist constants €*,C > 0 such that, for all € € [0,¢*),

J
Q=@ Q=0 i#j QCB;Ce), j=1,..,1

=1

Proof. By (G5) it follows that 3e*, R > 0 such that, foralle € [0,¢*), Q € B(0, R).
Then, by continuity of f it follows, possibly by further reduction of £*, that In > 0
such that, for all € € [0,&*),

J
53) Q=@ @Qi=0i#4 QCBn),j=1,.,J

Jj=1
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Now consider v satisfying

fv)=ew, |w||<1

Note that v is of this form if and only if v € Q(e). By (5.3) it follows that there exists
v; € Q(0) : |lv — v;]| € n. Now define G : R™ x R — R™ by G(v,e) = f(v) — ew
and note that G(vj;,0) = 0. Clearly dG,(vj,0) is invertible by (G4) and also G(v, ¢) is
continuously differentiable with respect to v (by (G1)) and . Hence, by the implicit
function theorem, we deduce that 3C; > 0 such that ||v — v;|| < Cje, for all v € Q.
Taking the maximum over all Cj,j =1,...,J we obtain the desired result. 0

The proof of Theorem G1 now proceeds through a sequence of lemmas. Recall
that differential equations in gradient form have the property that

d
@)} = ~lu®l?,

which forms the basis of the proof that solutions approach equilibrium points as
t — oco. The error controlled scheme has the property that F'(U,) is nonincreasing
except in small neighbourhoods of equilibria and this is the basis of our proof of
Theorem G1.

LEMMA 5.2. Let v € Q. Then there exists an integer j : 1 < j < J such that
v € Q; and

|F(v) — F(v;)] < C(1 +kC)e? Ve € [0,¢).

Proof. The existence of a j : v € Q; follows from Lemma 5.1. By (G3) and
Lemma 5.1 we have

F(v;) — F(v) < (f(vj),v — v;) + klJv; — v||? < kC?e?.

Similarly
F(v) = F(v;) < {f(v),v; = v) + k[lv; — v||?
< F@)lv; = vll + Ello; — v|* < Ce? + kC?e.
This completes the proof. 0

In the remainder we set € = 47 and assume that
(5.4) T €(0,e*/4) and 2At, k<1

LEMMA 5.3. Let (5.4) hold. Assume that there exist positive integers N, M with
N < M such that U, ¢ Q(g) forn=N+1,..., M and Un,Upr41 € Q(¢). Then

M-
Z Ung1 = Unll-

F(Unm) ~

l\Dl\l

Proof. By (G3) we have, from (5.4),

F(Unjl) - F(Un) < <f(Un+1)aUn - n+1> + kHUn-l-l —Un ”2
= <f(Una Atn), Un - Un+1> + k”Un+1 - Un”2 + ( n+1) (Una At ) U - Un+1>

Unt1 — Un?
< Wt 2Ol g, — v
_ ”Un+1 —Un

ol s At - 211
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By assumption we have that

lfUps)ll 247, n=N,...,M -1
Hence, by (1.5) (which implies (2.28)), we have
(5.5) |F(Un; Aty =37, n=N,...,M—1,
so that

|f(Un; Ato)l| =27 > 7, n=N,...,M -1

Thus
(5.6) F(Uns1) = F(Un) € =5lUns1 = Unll, n=N,...,M - 1.
The result follows. 0

LEMMA 5.4. Let (5.4) hold. Assume that there exists an integer M such that
Unm ¢ Q(e) and Upr41 € Q(g). Then

6572
F(Uni41) = F(Un) < 25—
Proof. By (2.24), (1.5) we have
3 5T
(5.7 NUm+1 = Unmll = At || f (Uns; Atan) || < Atu[l| f(Unr40)|| + 7] < %

Also, by (G3),

F(Um+1) = F(Un) < 1fUnte) U141 = Unall + k1 Uns41 — Unel®

Combining these two completes the proof since Up41 € Q(e) = Q(47). O
LEMMA 5.5. Under the same conditions as Lemma 5.3, with the assumption that
Un € Q;,Upm+1 € Qj, it follows that there exists K1 > 0 such that

1Un —Unl| < Ki, n=N+1,...,M.

Proof. Note that Lemmas 5.3 and 5.4 give

6572
4k

M-1
.
(5.8) F(Um1) = F(UN) < =5 D IUks1 = Ul +
n=N

Hence, for N +1 < n < M we have that

n—1 M-1
U = Un Il < D WUk1 = Ukll < D U1 = Ukl
k=N k=N

2
<2 [% +F(Un) - F(UM+1)] :

X
T

Note that Unx and Upry1 € @Q; hence, applying Lemma 5.2 and noting that € = 47
gives the required result. |
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LEMMA 5.6. Under the same conditions as Lemma 5.3, with the assumption that
Un € Q;,Upm+1 € Qs, and i # j, it follows that there exists k > 0 such that

F(v;) — F(vy) < -%Z + K72

Hence, possibly by further reduction of €*, we have

67'

F(vi) = F(vj) < Ve

Proof. By Lemma 5.2 we have that
F(Un) = F(v;) < 16C(1 + kC)7?
and
F(v;) = F(Upr41) < 16C(1 + kC) 72
Thus by (5.8) it follows that

M 1
F(vi) = F(v;) < =5 Z et = Unll+ B2 4 52001 + k)2
k N

Also, using (5.2), (5.7), and Lemma 5.1 we obtain

< lvi = o5l < IUm — UNII + U1 = Unmll + Unr+1 = il + [Un = 5]
M-1

Z ”Uk—i—l Uk” + — +80T
=N
Putting these estimates together gives the desired result. 0

Proof of Theorem G1. Let

F = max F(v)
vEQ(0)

and assume throughout this proof that 7 € (0,e*/4). Note that, from (5.5), (5.6), it
follows that if Up11 ¢ Q(47) then

(5.9) F(Upy1) — F(U,) < —37%At,, /2.

Note also that if U,41 € Q(47), then by Lemma 5.2 we have

(5.10) F(Upy1) — F <16C(1 + kC)7?

Assume for the purposes of induction that

(5.11) F(U,) < I(U) := max{F(Up), F 4+ 16C(1 + kC)7?}.

Clearly this holds for n = 0. Assume it is true for n = N. If Uy4+1 ¢ Q(47), then (5.9)
gives

F(Un+1) < F(Un) < I(U).
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On the other hand, if Uny41 € Q(47), then (5.10) gives
F(Un11) < F+16C(1 + kC)m* < I(U).

Hence (5.11) holds by induction for all n > 0. By (G2) this implies a global bound on
the solution sequences provided 7 € (0,e*/4) and Corollary 3.4 yields global F(G)-
admissibility.

Now consider an admissible sequence with At, > At Vn > 0. By (5.9) and (G2)
we deduce that, if U,, ¢ Q(47) then there exists M < 2I(U)/(37?At) such that
Unm € Q(47). Let m; denote the (possibly infinite) sequence of integers such that
Un,; ¢ Q(47) and Uy, 1 € Q(47). If the m; is a finite set of integers then the proof is
complete by Lemma, 5.1. If the m; comprise an infinite set then m; — oo as j — oo.
By Lemma 5.6 we deduce that there exists an integer & > 0 and integer ¢ € [0, J] such
that

Umj ¢ Qi(47-)’ Umj+1 € Ql(4T) V.] P k’

since otherwise we obtain a contradiction to the fact that F'(e) > 0 by (G2). By
Lemmas 5.1 and 5.5 we deduce that

WU, —vi]| < (K1 +C)r ¥Yn = mgy.
This completes the proof. 0

5.2. Relative error per unit step. We now consider the relative error strategy
(2.24)—(2.27) and (5.1). Notice that (5.1) can be rewritten as

(5.12) 1F(Uns Aty) = fF(Unsr)|l < 7 f (Un; At)|)-

The proof is similar to that for Theorem G1 but simplified because the function
F(U,) is nonincreasing for all n > 0. We omit the proof of the theorem but sketch
the essential details. The details of the proof can be found in [25] where slightly more
general structural conditions (G), including the case considered here, are studied.

First note that under the error control (5.1) analogous manipulations to those
used in the proof of Lemma 5.3 show that, for 7 sufficiently small, there exists £ > 0
such that

(5.13) F(Upy1) — F(Un) < =EAL || F(Un; At,)[|2 V0 > 0.

This automatically gives boundedness of the solution sequence from (G2).

Second, note that the concept of admissibility, and related theorems showing that
boundedness implies admissibility, can be extended to the error control (5.12) using
techniques analogous to those in the appendix.

Finally, using (5.13) it is possible to show that

lim f(Upn; At,) =0
and that

Tim f(Uny1) = 0.
This allows us to show that all solution sequences are bounded and that any accumu-
lation point of the sequence {U,}32, is contained in Q(0). Arguing similarly to the
proof of Theorem 4.3 in [16] we deduce that, in fact, the whole sequence converges to

a point in Q(0).
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6. Appendix. In this appendix we provide the mathematical detail leading to
the proofs of Theorems 3.3 and 3.5 and Corollaries 3.4 and 3.6. We start by addressing

the solvability of the Runge-Kutta equations. In the following it will be useful to
define

(6.1) a= max, la;j| and b= 112?<xklbi|.

Note in the following that L(X) depends upon At.
LEMMA Al. For any v > 1 let

QX) = {ue R™: [lu — X|| < Ataky| f(X)[},

L(X) be the Lipschitz constant for f(e) on Q(X), and let K(X) = sup,eq(x) [If ()]l
Let At (X) be the minimum over all At satisfying

(6.2) kaAtL(X)=1—-~71,

or be 0o if no such At exists. Then, for all At € [0, At.(X)), there exists a unique
solution {n;}*_,,m: € R™ of the equations

k
(6.3) =X+ At ai;f(n;)
j=1

satisfying n; € Q(X). Furthermore if {n}}*_,,1 = 1,2 are solutions of (6.3) correspond-
ing to distinct values At = At! and At = At?, respectwely, Att € [0, At.(X)),l=1,2
then

Ini —n?ll < akvyK(X)|At" — Af|.
Finally, if U, = X, then
[Uns1 = X || < AtkA|| £ O]

Proof. Note that the construction of At in (6.2) is slightly nontrivial since L(X)
depends upon At. Nonetheless it is clear that At. > 0 and that, furthermore,

-1

l-7
(6.4) At < RL(X)

for all At € (0, At.).

The existence of a solution satisfying the appropriate bound on the 7, follows
from a contraction mapping argument, similar to that in [2] and here based on the
iteration scheme

k
ot = X-I-Atzaijf(ﬁf)’ i=1,...,K.
j=1

If {n‘}k_,, 1 =1,2 solve (6.3) then

k
=X+ A agf(}), i=1,....k 1=1,2.
j=1
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Hence

k
In! =l = 1D _ais (At f(nf) = A2 F ()]

j=1
k
Z (AL f(n}) = Fd) + 1AL — AL F (D]
1 1_,.2 ~ 1 A42
< GRL(X)AL" max |lnj —njll + GRK(X)|AL" ~ A7),

Since this is true for any i and since akL(X)At! < (1 —~71) it follows that

_ 1 Aq2
Jpax, lnj = n3ll < vakK(X)|Ath — At?|.
The final bound follows from (1.3) since each n; € Q(X). o
Next we discuss whether it is possible to satisfy (1.5) or (1.6). To this end, define
&S, V,IW R x IR™ — IR™ which are functions of At and X satisfying

k
(6.5) & =X+Atzaijf(gj), i=1,...,k,
Jj=1
k
(6.6) W =X+ AtY b f(&)),
j=1
and
k —
(6.7) V=X +AtY bif(&).
Jj=1

Note that these functions are well defined by Lemma Al for any X € R™ and any
At € [0, At.(X)). Hence we may define G : [0, At.(X)) x R™ — R by

w-vi
(6.8) G(At, X) = T
and H : [0,At.(X)) x R™ — R by
(6.9) H(At, X) = AtG(At, X).

The functions G(e,U,) and H(e,U,) must be made sufficiently small in order to sat-
isfy the error controls (1.5) or (1. 6) respectively. Thus their properties are important.
LEMMA A2. The functions G(At, X) and H(At, X) satisfy G(0,X) = H(0,X) =
0VX € R™ and are szschztz in At € [0, Ato(X)).
Proof. Since E b = Z b; =1and &(0,X) = X VX € R™ it follows that
G(0,X) = 0. We now show that G'( X) is Lipschitz continuous in At € [0, At.(X)).
Note that

|G(AtY, X) — G(At?, X))

k
Zb — b)) f(&(X, At?))

k
> (b5 = b;) f(&5(X, At
=1




1970 A. M. STUART AND A. R. HUMPHRIES

k
<D (b = b)IF(E(X, ALY)) — F(&5(X, AL?))]

j=1
S kL(X) max |bj — byl 1€ (X, ALY = (X, At?)]|.
<Jsk

Thus, by Lemma Al,
(6.10) |G(AtY, X) — G(A?, X)| < CL(X)K(X)|At! — At?],

with C' independent of X. Thus G(e, X) is Lipschitz.

The properties of H(e, X) follow immediately from those of G(e, X) since
H(At, X) = AtG(At, X). O

Finally we prove Theorem 3.3.

Proof of Theorem 3.3. Let

(6.11) At = inf {AW " e[ CLE) K (X) }

where C is defined in (6.10) and At.(X) is defined in (6.2). Notice that At. > 0 since
both the Lipschitz constant for f and K(e) are bounded on any compact set. Now
consider (1.2)—(1.5) with At,, = At, Vn > 0. Assume, for the purposes of induction,
that there exist solution sequences {U,}_, and {At, }N2} satisfying (1.2)-(1.5) for
n =0,...,N —1 with A¢, = At.. Then, by assumption Uy € I(U) and hence,
by Lemma Al and (6.11), there exists a solution {n;}*_, to (1.2) and thus a vector
Unt1 € R™ satisfying (1.3) with n = N and Aty = At.. By Lemma A2 and (6.11)

|G(Ate, Un)| = |G(0,Un) — G(At,Un)| < 7/leol-

So, by construction, the error control criteria is satisfied. Thus there exist solution
sequences {U, }NT! and {At, }\_, satisfying (1.2)~(1.5) for n = 0,..., N with At,, =

n=0 n=0
At.. The inductive hypothesis is true for N = 1 by an identical argument since U €
I(U) and hence an admissible sequence has been constructed satisfying inf,,>0 At,, =
At > 0. ul
Corollary 3.4 is immediate. Furthermore the proofs of Theorem 3.5 and Corollary
3.6 follow similarly for the error control scheme (1.2)-(1.4), (1.6).
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