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Abstract. The ensemble Kalman filter is widely used in applications because, for high-
dimensional filtering problems, it has a robustness that is not shared, for example, by the parti-
cle filter; in particular, it does not suffer from weight collapse. However, there is no theory which
quantifies its accuracy as an approximation of the true filtering distribution, except in the Gaussian
setting. To address this issue, we provide the first analysis of the accuracy of the ensemble Kalman
filter beyond the Gaussian setting. We prove two types of results: The first type comprises a stability
estimate controlling the error made by the ensemble Kalman filter in terms of the difference between
the true filtering distribution and a nearby Gaussian, and the second type uses this stability result
to show that, in a neighborhood of Gaussian problems, the ensemble Kalman filter makes a small
error in comparison with the true filtering distribution. Our analysis is developed for the mean-field
ensemble Kalman filter. We rewrite the update equations for this filter and for the true filtering
distribution in terms of maps on probability measures. We introduce a weighted total variation
metric to estimate the distance between the two filters, and we prove various stability estimates for
the maps defining the evolution of the two filters in this metric. Using these stability estimates, we
prove results of the first and second types in the weighted total variation metric. We also provide a
generalization of these results to the Gaussian projected filter, which can be viewed as a mean-field
description of the unscented Kalman filter.
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1. Introduction.

1.1. Context. This paper is concerned with the study of partially and noisily
observed dynamical systems. Filtering refers to the sequential updating of the prob-
ability distribution of the state of the (possibly stochastic) dynamical system, given
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partial noisy observations [3, 44, 53]. The Kalman filter, introduced in 1960, provides
an explicit solution to this problem in the setting of linear dynamical systems, linear
observations, and additive Gaussian noise [39]; the desired probability distribution
is Gaussian, and the Kalman filter provides explicit update formulae for the mean
and covariance. The extended Kalman filter is a linearization-based methodology
which was developed in the 1960s and 1970s to apply to situations beyond the linear-
Gaussian setting [37]. It is, however, not practical in high dimensions because of the
need to compute and sequentially update large covariance matrices [30]. To address
this issue, the ensemble Kalman filter was introduced in 1994 [25], using ensemble-
based low-rank approximations of the covariances, and is a method well adapted to
high-dimensional problems. The unscented Kalman filter, introduced in 1997, pro-
vides an alternative approach to nonlinear and non-Gaussian problems [38], using
quadrature to approximate covariance matrices, and is well adapted to problems of
moderate dimension. The particle filter [21] is a provably convergent methodology for
approximating the filtering distribution [11, 52]. However, it does not scale well to
high-dimensional problems [4, 58]; this motivates the increasing adoption of ensemble
Kalman methods.

Over the past two decades, ensemble Kalman filters have found widespread use
in the geophysical sciences, are starting to be used in other application domains,
and have been developed as a general purpose tool for solving inverse problems; for
reviews of such developments, see [9, 26, 27]. Despite widespread and growing adop-
tion, theory quantifying the accuracy of the ensemble Kalman filter, in relation to
the true filtering distribution, is limited. Two exceptions are the important contribu-
tions [45, 47], which concern accuracy in the large particle limit in the setting where
the underlying filtering problem is Gaussian. However, there is no proof that the
ensemble Kalman methodology can accurately approximate the desired filtering dis-
tribution beyond the Gaussian setting. Indeed, in general, the methodology does not
correctly reproduce the filtering distribution; for examples and analysis in the setting
of filtering and Bayesian inverse problems, see [1, 45] and [23], respectively. The aim
of our work is to address this issue by proving accuracy of the ensemble Kalman filter
beyond the Gaussian setting; specifically, our analysis applies when the true filtering
distribution is close to Gaussian after appropriate lifting to the joint space of state
and data. We perform the analysis for the mean-field ensemble Kalman filter, focus-
ing on quantifying the effect of the Gaussian approximation underlying the ensemble
Kalman filter. We also study the Gaussian projected filter; this filter can be seen
as a mean-field version of the unscented Kalman filter. Both the ensemble and the
unscented Kalman mean-field models are defined in [9].

The three primary contributions of our paper are (i) to establish finite time sta-
bility estimates in an appropriate weighted TV metric which enables control of first-
and second-order moments for various nonlinear maps required to define the nonlin-
ear Markov processes determining filter evolution, (ii) to use these results to establish
stability estimates controlling the error made by the mean-field ensemble Kalman
filter in terms of the difference between the true filtering distribution and a nearby
Gaussian, and (iii) to deploy these estimates to prove closeness of the mean-field en-
semble Kalman filters and the true filtering distribution in the near-Gaussian setting.
These results are also established for the mean-field unscented Kalman filter. As
well as making the three primary contributions, the work suggests many questions
for further analysis, and the numerical analysis framework we deploy (“consistency
plus stability implies convergence”) is a natural one in which to pursue these ques-
tions. In particular, we assume bounded vector fields and discuss only finite time
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error; overcoming these assumptions requires new ideas and is outside the scope of
this first paper.

Although our study of the accuracy of ensemble Kalman filters beyond the Gauss-
ian setting is new, there exists a growing body of literature analyzing ensemble Kalman
methods from different perspectives. In the context of long-time behavior, the papers
[41, 63, 16, 13] focus primarily on the accuracy of the filter in approximating the
true trajectory over long time intervals; in contrast, the papers [31, 40] demonstrate
a mechanism for filter divergence, an obstacle to obtaining accuracy. Localization
is widely used in practice and important to consider for an overall understanding of
ensemble Kalman filter performance; see [62, 64]. For analysis of filters in high di-
mensions, see [59, 46]. For continuous-time and mean-field limits, see [42, 43, 24]. In
the context of inverse problems, see [36, 56, 57, 35, 34].

1.2. Overview of paper. In subsection 1.3, which follows, we define useful no-
tation employed throughout the paper. Then, in subsection 1.4, we define the filtering
problem as employed throughout the paper, building on this notation. Section 2 in-
troduces the mean-field ensemble Kalman filter and proves our main approximation
theorem in the near-Gaussian setting; the theorem is based on a stability estimate
which transfers distance between the true filter and its Gaussian projection into the
distance between the true filter and the ensemble Kalman filter. In section 3, we
define and then state and prove related theory for the Gaussian projected filter. Al-
though we provide theorems of a type not seen before for nonlinear Kalman filters
and new methods of analysis to derive them, our work leads to many substantial open
problems; we conclude in section 4 by highlighting those we have identified as being of
particular value to advancing the field. The reader may wish to study the concluding
section 4, in conjunction with our setup in section 2, to understand the specific prob-
lem formulation for our main theorems and to appreciate the substantial challenges
to be met in order to build on and go beyond our theorems. The key auxiliary results
underpinning the proof of our main theorems are given in Appendices B and C; these
rely on technical results presented in Appendix A.

1.3. Notation. The Euclidean vector norm is denoted by |e|, and the corre-
sponding operator norm on matrices is denoted by |[e||. For a symmetric positive
definite matrix S € R™*™, the notation |e|g refers to the weighted norm |S~'/2e|. For
a function m: R"™ — R and r > 0, we let Bre(m,r) denote the L> ball of radius
r, centered at m, and let | @ |co,1 denote the C%! seminorm, namely, the Lipschitz
constant.

We use symbol I to denote independence of two random variables. For m € R"
and ¥ € R™*", the notation A (m,X) denotes the Gaussian distribution with mean
m and covariance C. The notation P(R™) denotes the set of probability measures
over R", and PP(R") is the set of probability measures over R" with finite moments
up to order p. The notation P.(R") is the set of probability measures over R™ with
continuous density with respect to the Lebesgue measure, and the notation G(R")
denotes the set of Gaussian probability measures over R". We also introduce the
Gaussian projection operator G: P?(R") — G(R") given by

Gu=N(M(n),C())-
We observe [5] that

Gp =argmin KL(u||v),
veg
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where KL(u||v) is the Kullback—Leibler (KL) divergence of i from v, defined in (B.30).
Note that G defines a nonlinear mapping. We refer to G as a projection because of
its characterization as finding the closest point to p with respect to the KL(u|e) di-
vergence. Throughout this paper, all probability measures have continuous Lebesgue
density because of our assumptions concerning the noise structure in the dynam-
ics model and the data acquisition model. Thus, we abuse notation by using the
same symbols for probability measures and their densities. For a probability measure
uw € P(R™), the notation u(u) for u € R™ refers to the Lebesgue density of p evaluated
at u, whereas p[f] for a function f: R™ — R is a shorthand notation for fR" fdu.

The notations M(u) and C(p) denote, respectively, the mean and covariance
under p:

M(p)=plu],  C(u) = pl(u— M) @ (u—M(u))].

The notation Pr(R™) for R > 1 refers to the subset of P(R") of probability measures
whose first and second moments satisfy the bound

(L.1) MOISR, ke <C(n) < B,

Here I, denotes the identity matrix in R™*", and = is the partial ordering defined
by the convex cone of positive semidefinite matrices. Similarly, Gr(R") is the subset
of G(R"™) of probability measures satisfying (1.1).

For a probability measure 7 € P(R? x R¥) associated with random variable
(u,y) € R* x R¥, we use the notation M*(r) € R%, M¥(x) € R¥ for the means
of the marginal distributions and the notation C**(r) € R4 cuy (m) € RPK and
Cv¥(m) € RF*X for the blocks of the covariance matrix (7). That is to say,

M(r) = (ﬁjg;) C(r) = (cczu(gf))T gg%)

Throughout this work, we employ the following weighted total variation distance.

DEFINITION 1.1. Let g: R™ — [1,00) be given by g(v) =1+ |v|?. We define the
weighted total variation metric d,: P?(R") x P2(R") = R by

dg(pr, p2) = sup |pa [f] — p2[f]],
[fI<g

where the supremum is over all functions f: R"™ — R which are bounded from above
by g pointwise and in absolute value.

Metrics of this type have been employed previously in the literature. See, for
example, the early reference [49], where a weighted total variation metric is used for
stuyding ergodicity for Markov chains, and the reference [48], where a similar metric
is employed in the context of perturbation of Markov chains. See also [33], where a
direct proof of Harris’s ergodic theorem relying on appropriate weighted total variation
norms is given, as well as [68, Theorem 6.15], which states that Wasserstein distances
can be controlled by weighted total variation metrics. There are other dual metrics
on probability measures commonly employed in the literature, such as the so-called
maximum mean discrepancy, which is based on a dual formulation in a reproducing
kernel Hilbert space; see, e.g., [61].

Remark 1.2. If pq, uo have Lebesgue densities p1, p2, then the weighted metric in
Definition 1.1 satisfies
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dy (s p3) = / 9(0) |1 (v) — pa(v)] do.

Unlike the usual total variation distance, this weighted total variation metric enables
control of the differences |M (1) — M(uz2)| and ||C(p1) —C(p2)]]; several lemmas used
to prove our main results rely on this control. More precisely, it is possible to show
that for all pq, ue € P(R™) with finite second moments, it holds that

[M2) — M) < 51y 111, 12),
€)= o)l < (14 51AGu) + MG ) iy )

This is the content of Lemma B.4, proved in Appendix B.

1.4. Filtering distribution. We consider a general setting in subsection 1.4.1
and provide details for the Gaussian setting in particular in subsection 1.4.2.

1.4.1. General case. We consider the following stochastic dynamics and data
model:

(1.2&) uj+1:\1'(uj)+§j, fj NN(O,E),
(1.2b) Yi+1 =h(ujs1) +nj+1, Nj+1~N(0,T).

Here {u;}jepo,s] is the unknown state, evolving in R?, and {y;};c[o,s] are the
observations, evolving in R®. We assume throughout the paper that the covariance
matrices X, I" are positive definite, that the function h: RI—5RE is continuous, that
the initial state is distributed according to a Gaussian distribution ug ~ N(myg, Cp),
and that the following independence assumption is satisfied:

(1.3) UOJ.L&)J.L'“JLfJJL’I]lJ.L"'J.L?]J_H.

The objective of probabilistic filtering is to sequentially estimate the conditional dis-
tribution of the unknown state given the data as new data arrive. The true filter-
ing distribution p; is the conditional distribution of the state u; given a realization
YjT = {yi,,y}} of the data process up to step j. Data Y, may be thought of as
arising from a realization of (1.2), but the case of model misspecification, where Y}
does not necessarily arise from (1.2), is also of interest.

Tt is well known [44, 53] that the true filtering distribution evolves according to

(1.4) tjr1 = LiPpuj,

where P and L; are maps on probability measures, referred to, respectively, as the
prediction and analysis steps in the data assimilation community [3]. The operator
P: P(R") — P(R") is linear and defined by the Markov kernel associated with the
stochastic dynamics (1.2a). Its action on a probability measure with Lebesgue density
1 reads as

(15) Put) = s [ e (<3l v ) nte) v

The operator L;: P(R") — P(R") is a nonlinear map which formalizes the incor-
poration of the new datum y; 41 using Bayes’s theorem. Its action on a probability
measure in P(R?) with Lebesgue density p reads as
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oxp _%MH - h(“)!i ()
Lju(u) = .
fe (‘i’%*’ﬂ - h<U)!i) p(U)au

The operator L; effects a reweighting of the measure to which it applies, with more
weight assigned to the state values that are consistent with the observation. It is
convenient in this work to decompose the analysis map L; into the composition B;Q.
The action of the operator Q: P(R?) — P(R? x R¥) on a probability measure in
P(R?) with Lebesgue density y is given by

(1.6)

1 1
(1.7) Qu(u,y) = WGXP (‘2’3/ - h(“)’i) ().

On the other hand, the action of B;: P.(R*x R¥) — P(R?) on a probability measure
with continuous Lebesgue density p is given by

t
Bju(u) = ple, yj:l) .
e

The operator Q maps a probability measure with density u into the density associated
with the joint random variable (U,h(U) + n), where U ~ p is independent of n ~
N(0,T). The operator B; performs conditioning on the data y}_ﬂ. Map Q is linear,
while B; is nonlinear. We may thus write (1.4) in the form

(1.8)

(1.9) fj+1 = B;QPp;.

We note that for any x € P(R?), the measure QPu € P.(R? x R¥) has continuous
Lebesgue density, and so the iteration (1.9) is well defined.

1.4.2. Gaussian case. Now consider the setting in which ¥(e) = Me and h(e) =
He for matrices M € R¥*? and He R¥*? In this case, the filtering distribution is
Gaussian: p; = N (mj,C;). The Kalman filter [39] gives explicit evolution equations
for the pair (m;,C;) € R? x R™?. To write these down, it is helpful to note that
fjt1:=Ppu; is also Gaussian: [i;41 =N (m;, 6})

Then (u;+1,;+1) are determined from p; by the update formulae

(1108,) mj—i—l = Mm]‘,
(1.10b) Cj1 = MC;M™ 43,
—~ —~ —1
(1.10C) mijq1 = 7/7\7/j+1 + Cj+1HT (HCj+1HT + F) (y;_;'_l - Hijrl) )
~ ~ ~ -1
(1.10d) Cip1 = Cjir — O HY (H0j+1HT n r) HC 1,

where {yj} is the observation. Recall that this observation may be thought of as
arising from a realization of (1.2) but, in the case of model misspecification, may be
derived from a different source.

2. The ensemble Kalman filter. Following from expository discussion of the
Gaussian case in subsection 2.1, in subsection 2.2, we define the specific version of the
mean-field ensemble Kalman filter that we analyze here; other versions may be found
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in [9] and will be amenable to similar analyses. In subsection 2.3, we prove our main
stability theorem, showing that the error between the true filter and its Gaussian
projection may be used to control the error between the true filter and the ensemble
Kalman filter. In subsection 2.4, we prove a corollary to this theorem, establishing
that the mean-field ensemble Kalman filter accurately approximates the true filter for
a specific class of non-Gaussian problems.

2.1. The algorithm: Gaussian case. To motivate the mean-field ensemble
Kalman filter, we first consider the Gaussian case and introduce the stochastic dy-
namical system

(2.1&) @-H:Mvj +fj, ij./\/’(O,Z),
(2.1b) Y1 = Hvjp1 + 1541, ni+1~N(0,T),
(2.1¢) Vi1 =Tj41+ Cjor H (HCj o H' +T) "yl g — Gj41).

Here E’jH denotes the covariance of Uj4q. AAsimple calculation reveals that if
Vo ~~ N(mo, Co), then in fact i}\j-‘rl ~ N(T/T\lj_s_l, Cj+1) and Vi1 ~ N(mj+1, Cj_:,_l),
where the means and covariances are given by the Kalman filter (1.10). Note that
(2.1) constitutes a mean-field stochastic dynamical system because (2.1c) requires
knowledge of Cjy1, which depends on the law p; of v;. The law of this mean-field
stochastic dynamical system is thus equal to the law of the Kalman filter. The analysis
in [45, 47] is concerned with studying particle approximations of this Gaussian mean-
field stochastic dynamical system and convergence to the mean-field limit in the limit
of infinite particles. In contrast, our work concerns the study of mean-field stochastic
dynamical systems but goes beyond the Gaussian setting. To this end, the next sub-
section defines the mean-field ensemble Kalman filter in the general, non-Gaussian
setting.

2.2. The algorithm: General case. The ensemble Kalman filter may be de-
rived as a particle approximation of various mean-field limits [9]. The specific mean-
field ensemble Kalman filter that we study in this paper reads as

(2.2&) aj+1 :\I/(Uj)+€j, fj NN(O,E),
(2.2b) Y1 =h(Ujt1) + nj41, nj+1~N(0,T),

N w (~ K \—1 ~
(2.2C) Uj+1 = Uj+1 + C v (ﬂ'jli_l) ny (71']]»5_1) (ij—&-l — yj-H)a
where %ﬁ_l = Law(@;41,Y;+1) and independence of the noise terms (1.3) is still as-
sumed to hold. The covariance matrices I', X are still assumed to be positive definite,

S0 ny(%ﬁl) > 0, and the algorithm is well defined. See subsection 1.3 for the defini-
tion of the covariance matrices that appear in (2.2¢).

Remark 2.1. The mean-field ensemble Kalman filter algorithm may be derived
as the best linear unbiased estimator (BLUE) of the predicted state, given the data;
see [9].

Let us denote by ,uJK the law of u;. In order to rewrite the evolution of uf in
terms of maps on probability measures, let us introduce

7)3_0 (Rd X RK) = {7r e p? (Rd X RK) :CY(m) >~ O}.

Then, for a given y;fﬂ, we denote by T;: P2, (R? x R¥) — P?(R?) the map defined
by
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(2.3) Tim= y(-,om,y;_i_l)w.

Here the subscript 4 denotes the pushforward, and for any given 7 € P(RYxRF) and
zeR¥ | the map 7 is affine in its first two arguments and given by

T(e,0;:m, 2): RY x R 5 RY,
(2.4) (u,y) = u + C(m)CY (7)1 (2 — y).

As demonstrated in [9], with this notation, the evolution of the probability measure
(5 may be written in compact form as

(2.5) 1y =T;QPu

We now discuss the preceding map in relation to (1.9). The specific affine map 7
used in (2.2¢) is determined by the measure ﬁ;ﬂ_l (here equal to QPMJK) and the data
y;[ 41+ That the law of u; in (2.2) evolves according to (2.5) follows from the following
observations:

o Ifu;~ ,uf, then ;41 ~ P,u]K by definition of P.

e Given the definition (1.7) of the operator Q, the random vector (Uj41,;+1)

is distributed according to 715, = QPuk.

e Equation (2.2c) then implies that w41 ~T;QPuX.

As we show in Lemma B.5, the operator T; coincides with the conditioning oper-
ator B; over the subset G(RY x R®)  P(R? x R™) of Gaussian probability measures.
Therefore, in the particular case where p is Gaussian, which is a standing assumption
in this paper, and the operators ¥ and h are linear, the mean-field ensemble Kalman
filter (2.5) reproduces the exact filtering distribution (1.9), which is then the Kalman
filter itself; indeed, this is what we show in subsection 2.1. In the next section, we
provide error bounds between (1.9) and (2.5) when ¥ and h are not assumed to be
linear.

Our theorems in subsections 2.3 and 2.4 concern relationships between the true
filter (1.9) and the mean-field ensemble Kalman filter (2.5). We study the setting in
which ¥ and h are not assumed to be linear, so that the true filter is not Gaussian,
in subsection 2.3, and then we study small perturbations away from the Gaussian
setting that arise when the vector fields ¥ and h are close to constant in subsection
2.4. We recall that B (m,r) denotes the L> ball of radius r, centered at m. The
theorems hold under the following set of assumptions.

Assumption A. The following assumptions hold on the data {y;}, the vector fields
(U, h), and the covariances (3,T"):
(H1) Fix positive integer J. The data YT = {y;r J_, lie in set B, C R™7 defined,
for some s, >0, by

B, := {YT cR™/ :jg&%ﬂw}l < ny} .
(H2) The function ¥ satisfies U(e) € By := B~ (0,ky) for some ky > 0.
(H3) The function h is continuous and satisfies h(e) € By, := B (0, rp) for some
Kkp > 0.
(H4) The covariance matrices ¥ and I' appearing in (2.2) are positive definite:
¥ =0l and I %= vIk for positive o and ~.
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2.3. Stability theorem: Ensemble Kalman filter. Roughly speaking, our
main result states that if the true filtering distributions (u;) e, are close to Gauss-
ian after appropriate lifting to the state/data space, then the distribution uJK given by
the mean-field ensemble Kalman filter (2.5) is close to the true filtering distribution
p; given by (1.9) for all j € [0,J]. Recall that | e |co. denotes the C%! seminorm,
namely, the Lipschitz constant.

THEOREM 2.2 (stability for the mean-field ensemble Kalman filter). As-
sume that the probability measures (i;)jequ, s and (/JjK)je[[l,J]] are obtained, respec-
tively, from the dynamical systems (1.9) and (2.5), initialized at the same Gaussian
probability measure po = pll € Q(Rd). That is,

i1 =B;QPu;,  pgy =T;QPug.

If Assumption A holds and |h|cor < £ < oo, then there exists C = C(J, ky, kv, Kp,
Ly, 2, T) such that

dy(p 1) < C  max  do(QPp;j, GQPuy).

Remark 2.3. The constant C in the stability estimate is uniform across realizations
of the data from B,. Indeed, since h is assumed bounded, the bound x, on the data
will hold with probability exponentially close to 1! for £, > 1 when there is no model
misspecification. Relaxing the assumptions of bounded ¥ and h, for example, to the
setting of linear plus bounded functions is technically challenging and will be left for
future work. Likewise, relaxing positivity assumptions on the noise leads to substantial
technical obstacles, deferred for future work. And, finally, relaxing the assumption
that J is finite will require further structural assumptions on the long-time behavior
of the filter and is also deferred for future work.

Remark 2.4. The stability theorem shows that the error made by the ensemble
Kalman filter is controlled by the difference between the true filter, lifted to the joint
space of state and observations, and its Gaussian projection. To interpret the result,
it is thus important to have intuition about what it means for a measure to be close to
its Gaussian projection in the d, metric. To this end, note that by Remark 1.2, it is
necessary that the means and covariances of the measure and its Gaussian projection
are close for the measures to be close in the dg metric. This is automatically satisfied
for the difference between a measure and its Gaussian projection by construction.
Since closeness in d, requires the expectations of all functions growing no faster than
quadratic to be close, a useful rule of thumb for practitioners is that the quantity
dg(QPpj, GQP;) is small when matching first and second moments allows control
of all quadratically bounded functions. This will happen, for example, when ¥ and
h are small nonlinear perturbations of affine functions, and hence it will happen
when ¥ and h are small nonlinear perturbations of either linear functions or constant
functions. For technical reasons (see previous remark), this paper excludes the case of
linearly growing functions, but we do study small perturbations of constant functions
in Corollary 2.5. There is also reason to expect the filtering distribution to be close
to Gaussian when the data volume is high or noise is small and some version of
observability applies. Then central limit theorems for inverse problems, such as the
Bernstein von Mises theorem, may in the future be developed to quantify this assertion
[66]. For work pointing in this direction but in the infinite-dimensional case where
Bernstein von Mises—type results are harder to establish, see [50].

IWith respect to the noise realization leading to the data.
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The proof presented hereafter relies on a number of auxiliary results, which are
summarized below and proved in Appendix B:

1. For any probability measure p, the first moments of the probability measures
Py and QPp are bounded from above, and their second moments are bounded
both from above and from below. The constants in these bounds depend only
on the parameters Ky, kp, 2, and I'. See Lemmas B.1 and B.2.

2. For any Gaussian measure p € G(R* x R¥), it holds that Bju = T;u. See
Lemma B.5 and also [9].

3. The map P is globally Lipschitz on P(Rd) for the metric dg, with a Lipschitz
constant Lp depending only on the parameters xky and X. See Lemma B.7.

4. The map Q is globally Lipschitz on P(Rd) for the metric dg, with a Lipschitz
constant Lq depending only on the parameters x;, and I'. See Lemma B.8.

5. The map B; satisfies for any 7 € Im(QP) € P(R* x R®) the bound

V4 € [0, J], dy(B;Gm,B;m) < Cedy(Gm,m),

where Cg = Cg(ky, Kw, kp, 2,T"). This statement concerns the stability of the
B, operator between a measure and its Gaussian approximation. See Lemma
B.9.

6. The map T; satisfies the following bound: For all R > 1, it holds for all
probability measures 7 € Pr(R? x R¥) and p € Im(QP) ¢ P(R? x R¥) that

vj € [0,J], dg (Tjﬂa ij) < Ltdy (m,p)

for a constant Lt = Lt(R, Ky, kv, kp, 5, 1'). This statement may be viewed as
a local Lipschitz continuity result in the case where the second argument of
dg is restricted to the range of QP. See Lemma B.10.

Proof of Theorem 2.2. In what follows, we refer to the preceding itemized list to
clarify the proof. For notational simplicity, it is helpful to define the following measure
of the difference between the true filtering distribution and its Gaussian projection:

(2.6) ei= x| dg(QPp;, GQP;).

Assume throughout the following that j € [0, J—1]. The main idea of the proof results
from the following use of the triangle inequality:

(2.7a dy(pi5 15 1j+1) = dg (T;QPu B QPu;)
(2.7b
<dy (T;QPu T;QPu;) + dg (T;QPpy, T;GQP ;) + dy (B;GQP i, B QP ) -

~ ~—

We have used the fact that the second argument of the second term on the right-hand
side indeed coincides with the first argument of the third term because T;GQPp; =
B,;GQPy; by item 2 (Lemma B.5.) By item 1 (Lemma B.2), there is a constant R > 1,
depending on the covariance matrices X, I' and the bounds k¢ and xj from Assump-
tion A, such that Im(QP) C Pr(R? x R¥). By items 3, 4, and 6 (Lemmas B.7, B.8,
and B.10), the first term in (2.7b) satisfies

(2.8) dy (T;QPuf T;QPu;) < Lv(R)LaLedy (1, 115) »

where, for conciseness, we omitted the dependence of the constants on ky, Ky, kp, 2, I
Equation (2.8) establishes that the composition of maps T,;QP is globally Lipschitz
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over P(R?). Since GQPy; € Gr(R? x RX) by definition of R, the second term in
(2.7b) may be bounded using item 6 (Lemma B.10) and the definition in (2.6) of :

dy (TjQPu;, T;GQPpu;) < Lt(R)dy (QPpj, GQPuyj) < Lt(R)e.

Finally, the third term in (2.7b) can be bounded using item 5 (Lemma B.9) and the
definition in (2.6) of e:

dq (BjGQP1;,BjQPu;) < Cad,y (GQPp;, QP ;) < Cge.
Therefore, letting ¢ = Lt(R)LqLp, we have shown that
dy(pfy 1, 1) <Oy s iy) + (LT (R) + Cg)e,

and the conclusion follows from the discrete Gronwall lemma since g = . 0

2.4. Approximation theorem: Ensemble Kalman filter. Theorem 2.2
shows that the ensemble Kalman filter error can be made arbitarily small if the true
filter is arbitarily close to its Gaussian projection in state-observation space. This
“closeness to Gaussian” assumption can be satisfied in our setting of bounded vector
fields by considering small perturbations of constant vector fields and is the content
of the following corollary. The result provides a first step in the analysis of the ac-
curacy of the ensemble Kalman filter as an approximation of the true filter; desirable
generalizations of what we prove here are discussed in the conclusions in section 4.

COROLLARY 2.5 (accuracy for the mean-field ensemble Kalman filter).
Let (%,T) satisfy Assumption (H4). Suppose that Uy : R R? and hy: RY— RE are
functions taking constant values, and denote by By, n, (1) the set of all functions (¥, h)
satisfying U € Broo (Vo,1), h € Br(ho,7), and Assumptions (H2) and (H3). Assume
also that |h|cox < £, < 00, and denote by (u;)jeq, s and (,uf()je[[l,” the probability
measures obtained, respectively, from the dynamical systems (1.9) and (2.5), initialized
at the same Gaussian probability measure o = i € g(Rd). That 1s,

piv1=B;QPp;,  pihy =T;QPpu
Then for any € >0, there exists § >0 such that

sup sup dg (,uﬁ(,/,u) <e
YteB, (¥,h)€Byg, ny(6)

Proof. The result follows from Theorem 2.2 and Proposition C.2 in
Appendix C. O

3. Generalization: Gaussian projected filter. We generalize the main result
to the Gaussian projected filter defined in [9]. This algorithm may be viewed as a
mean-field version of the unscented Kalman filter [38]. Using a similar approach to
that adopted in the previous section, we prove a similar stability theorem and accuracy
corollary. The Gaussian projected filter is defined by the iteration

(3.1) ,ujGH :BJ»GQP,uJG.

This iteration is obtained from (1.9) by inserting a projection onto Gaussians before
the conditioning step B;. Because conditioning of Gaussians on linear observations
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preserves Gaussianity, the preceding map generates sequence of measures {MJG} in
G(RY).

Remark 3.1. As shown in Lemma B.6, the evolution (3.1) may also be rewritten
in the form

(3.2) 1§y =GT,;QPu§.

This shows that the Gaussian projected filter may also be obtained from the mean-
field ensemble Kalman filter (2.5) by adding a Gaussian projection step after the
conditioning.

Like (2.5), the filter (3.1) reproduces the true filtering distributions when ¥ and
h are linear, assuming that pg is Gaussian. The following theorem quantifies the
closeness of the Gaussian projected filter to the true filtering distribution when the
linearity assumption on ¥ and h is relaxed.

THEOREM 3.2 (stability for the Gaussian projected filter). Assume that
the probability measures (i) e, and (Mf)jeﬂLJﬂ are obtained, respectively, from
the dynamical systems (1.9) and (3.1), initialized at the same Gaussian probability
measure pg = puS . That is,

i1 =B;QPu;,  pf, =B;GQPuS.
If Assumption A holds, then there exists C = C(J, ky, kw, kp, 2, 1) such that

do(uf, ) SC | max - dg(QPyj, GQPy;).
The proof of this error estimate relies on the auxiliary results Lemmas B.2 and
B.7-B.9 already discussed as well as the following two additional results:

e The map G is locally Lipschitz for the metric dy in the sense that for any
R > 1, this map is Lipschitz continuous over the set Pr(R?) given in (1.1).
The associated Lipschitz constant is denoted by Lg = Lg(R) and diverges as
R — oco. This result is proved in Lemma B.12, which relies on an auxiliary
result shown in Lemma B.11 on the distance between Gaussians in the d,
metric.

e The map B; is locally Lipschitz for the metric d, over Gaussians in the sense
that for any R > 1 and any j € [0,J — 1], this map is Lipschitz continuous
over Gr(R? x R¥). The associated Lipschitz constant is denoted by Lg =
Lg(R, ky). See Lemma B.15.

Proof. We obtain by the triangle inequality that

dg(/‘?ip [jt1) = dg(BjGQP;“gGv B; QP ;)
<dy(B;GQPuS , B;GQP ;) + dy(B;GQPu;, BjQPw;).
It follows from Lemmas B.2, B.7, B.8, B.12, and B.15 that the composition of maps
B,;GQP is globally Lipschitz continuous on P(Rd) with a constant ¢ = ¢(R, Ky, kv,
kn,2,T), where R = R(kw,kn,%,[') is a positive constant such that Im(QP) C
PR(Rd x R®). Therefore, the first term on the right-hand side may be bounded
by

dy(B;GQPyS, BjQPu;) < ldy (15, p1j).-
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For notational simplicity, we again let ¢ be as in (2.6). Using Lemma B.9 and the
definition of €, the second term may be bounded from above by

where Cg = Cg(ky, Kw, kn, 2, ") is the constant from Lemma B.9. The proof can then
be concluded in the same way as that of Theorem 2.2. ]

COROLLARY 3.3 (accuracy for the Gaussian projected filter). Let (X,T)
satisfy Assumption (H4). Suppose that Wy : R? = R? and hy: RY — RX are func-
tions taking constant values, and denote by By, n, (1) the set of all functions (¥, h)
satisfying U € Br(Vo,r), h € Bre(ho,r) and items (H2) and (H3). Assume that
the probability measures (i) e, and (Mf)je[[l,J]] are obtained, respectively, from
the dynamical systems (1.9) and (3.1) and initialized at the same Gaussian probability
measure po = s € G(RY). That is,

piv1=B;QPu;, iy =B;GQPLS.
Then for any € >0, there exists § > 0 such that

sup sup dy(u§,py) <e.
YTEBy (\P,h)GB\p[),;m (6)

4. Discussion and future directions. We have provided the first analysis
of the error incurred by ensemble Kalman filters as approximations of true filtering
distribution beyond the linear-Gaussian setting. We have employed an appropriate
weighted TV metric and obtained new stability estimates in this metric in order to
establish the approximation results. Our framing of the problem is motivated by the
framing of the analysis of the particle filter contained in [52, section 1], a system-
atization of the original proof of convergence of the particle filter appearing in [14].
Although it introduces new methodology and theoretical results for nonlinear Kalman
filters, our work leaves open numerous avenues for further analysis; we now highlight
those that we identify as particularly important. These remaining open problems are
substantial, but the framework we map out in this paper is an appropriate one in
which to address them:

(i) Our theorems concern the mean-field limit of the ensemble Kalman filter; it
is of interest to study finite particle approximations of the mean-field limit
along the lines of the work in [45, 7] and analogous continuous-time analyses in
[18, 19, 20]. Analysis of mean-field limits of interacting particle systems is an
established field; interfacing the natural metrics employed for such analyses
(Wasserstein) with those employed here (weighted TV) will be required.

(i) We have made boundedness assumptions on ¥(e) and h(e) in this paper.
Developing proofs which relax these assumptions, allowing consideration of
small nonlinear perturbations of the Kalman filter setting, for example, will
be very valuable.

(iii) Our error bounds are for a finite number of steps and, as is typical of fi-
nite time error estimates that employ a “consistency plus stability implies
convergence” approach, lead to error constants which grow exponentially
with the time horizon. The literature on analysis of numerical methods for
nonautonomous dynamical systems demonstrates that going beyond finite
time error estimates that grow in time is, in general, not possible [60]; in
that context, generalizing to long-time estimates requires assumptions on the
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long-term stability or even ergodicity of the dynamical system. Such long-
term stability issues are widely studied for the true filtering distribution; see
[51, 15, 67, 65, 12, 54], for example. They are complicated by the fact that the
nonlinear evolution equation for the filtering distribution is nonautonomous
due to the observation signal. In the context of the ensemble Kalman filter,
such stability estimates are used in the paper [16], which identifies linear and
Gaussian filtering problems in which it is possible to generalize the large par-
ticle asymptotic analyses of [45, 47]. There is also analysis of the ensemble
Kalman filter for nonlinear non-Gaussian problems, such as the data assim-
ilation problem for the Navier—Stokes equation, but this work concerns only
accuracy of state estimation, not the entire filtering distribution [41, 6].

We have assumed a model for evolution of the state which employs additive
Gaussian noise. Generalizing to a general Markov chain would be valuable.
Relatedly, it is of interest to relax the assumption of including noise in the
dynamical system for the state to allow for deterministic dynamics.

We have studied a (widely used) version of the ensemble Kalman filter which
employs a specific transport map to approximate the conditioning step in the
filter. Other transport maps are also used in practice, such as that leading to
the ensemble square root filter; as outlined in [9, section 2]. Analyzing these
other methods would be of great interest.

Filtering can be used to solve inverse problems, as outlined in [9, section 4];
in particular, some of these methods rely on filtering over the infinite time
horizon, the analysis of which will require new ideas, such as in [22].
Continuous-time versions of our analysis would be of interest, as would their
relationship to the Kushner—Stratonovich equation [11]; the paper [16], which
studies mean-field limits of the ensemble Kalman—Bucy filter, may be impor-
tant in this context. Furthermore, study of the ensemble Kalman sampler
[28, 29, 10] for inverse problems would be of interest.

The papers [45] and [20] propose the reweighting of ensemble Kalman methods
to make them unbiased; further analysis of this idea and the development of
new methods that can carry this out in a derivative-free fashion would be of
interest.

Ensemble Kalman filters in practice employ very small numbers of ensemble
members and use covariance (spatial) localization when the unknown states
are fields; developing analyses which account for low rank approximations
and localization would be a valuable step for the field. Furthermore, it would
also be of interest to study the problem of quantization of measures [32] in
the context of filtering; however, this is a very hard problem even in simple
low-dimensional settings [8], and studying it for the evolution of the filtering
distribution will require substantial new ideas.

Particle filters suffer from a curse of dimensionality on certain families of
high-dimensional problems [4, 58]. Studying ensemble Kalman methods to
determine whether they ameliorate this issue in the near-Gaussian setting
would be of interest. There are a variety of different models that can be
employed to characterize families of high-dimensional filtering problems [55],
and such structural assumptions will undoubtedly affect the results that might
be obtained for ensemble Kalman methods.

Exploiting small noise or large data limits to establish that the error (2.6) is
small and then using this fact to analyze the error in the ensemble Kalman
filter would be of great interest.
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Appendix A. Auxiliary results. We begin by presenting an elementary result
used throughout the article.

LEMMA A.1. Suppose that X is a random variable with values in R and finite
second moment, and let m :=E[X]. Then

(A1) E [(X —m)(X — m)T} —E[XXT] - mm"
and
(A.2) VacRY, E [(X —a)(X — a)T] = E [(X —m)(X — m)T} .

Proof. We have
E [(X —a)(X - a)T] —E [((X —m) + (m —a)) (X —m) + (m — a))T]
= E{(X —m)(X — m)T} +(m—a)(m—a)T.
Taking a =0, we obtain (A.1). In addition, since the second term in the last expression

is positive semidefinite, the inequality (A.2) follows. 0

The following lemma is very similar to [2, Lemma 3.1]; the only difference is that
the weight on the left-hand side is given by 1 + |u|? instead of u?. We give the proof
for completeness.

LEMMA A.2 (generalized Pinsker inequality). Let g(u) = 1+ |u|?, and assume
that 1, pg are probability measures over R satisfying p1[g?] < oo and pa[g?] < co.
Then7 Zf 251 < M2,

dg (i, p2)? <2(pa [9°] + 2 [97]) KL(pa l|p2).-

Proof. Denote the density by f:= gi;, noting that this is nonnegative. Applying

Taylor’s formula to the function ¢: u— ulogu around u =1, we deduce that
1 —1)2
Yu > 0, ulogu > (u—1) + 3 <rglei§1€"(v)> (u—172%=(u—1)+ QI(HUaX{l),u}’

where I = [min{1, u}, max{1,u}]. Therefore,

KLGnllp2) = [ (f lox f)(w)pa(d)

1 |f(w) —1?
>/Rd(f(u)_l):u2(du)+Q/Rdnm{l’f(u)}ﬂg(du)

Let 6(u) = max{1, f(u)}. The first term on the right-hand side is zero, and so we
have that

iyt = ([ 001700 -1 o))

: ) 1
< [ JstwPaman) [ PG )

R
< / 9 ()2 (£ () + 1) pio () 2 KL (g | 12)
Rd

=2(ju1 [%] + 12 9] ) KL (a1l s2),

which concludes the proof. 0
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LEMMA A.3. For all d € Nt and a > 0, there is C > 0 such that for all
zo, 1, mo,m1 € R and all symmetric positive definite matrices Sy, S1 € R satis-

fying
1 1
SO?*LL Slkilda
« «o
it holds that

1+d 1+ 4

d o 2 6% 2
(27)% |go(w0) — g1(z1)| < 7 |1 — 20 — M1 +mo| + 51— Soll

(A.3) +ad’\/det5'1 - \/detSo‘.

Here go and g1 denote the densities of N'(mg,Sy) and N (mq,S1), respectively.

Proof. For s€[0,1], let s = (1 — s)xo + sx1 as well as ms = (1 — s)mg + smq and
Ss=(1—5)Sp+ s51. Let us also introduce the nonnormalized densities

~ 1 2 ~ 1 2
= (~glo-mol2 ). @=ew(~gle-ml,).

and let A(s) :=exp(—%|zs — ms‘z ). It holds that

1 1
~ ~ dA _
o) = GoGeo) = [ T ds=— [ [~ a0 —m -+ mo) S o~ ma)

o as 0
1
- 5(% —mg)TSTH(S1 — S0) S (s — my) | A(s)ds.
Therefore, using that maxz€R|ze_é| = ﬁ and maxz€R|ZQe_§| = %7 we deduce that

@@ﬂ—%mﬂ<émm—m—
1

CH (81— 508 [l = o} | M) ds

1/ |x1—x0—m1+m0|+f||51 S()H

Applying the triangle inequality

|90($0) —91(961)‘ < ’ngO SUO) gl 5[!1 1 ’ﬁl(xl)
(2m)d det So \/ 27) ddet So \/(277)‘1 det Sp ’
we obtain (A.3), which concludes the proof. d

LEMMA A.4. Denote by g(e;m,S) the Lebesgue density of N'(m,S) and by SK
the set of symmetric K x K matrices M satisfying

(A4) lIK M<alk.
(6%

Then, for all o > 1, there exists Lo, > 0 such that for all parameters (¢1,m1,51) €
R x RX x SK and (cz7m2,52) eR xRN x 8K,

(A.5) [6llco < Lallbll1, bh(y) = c19(y;m1, S1) — cag(y; ma, Sa).
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Remark A.5. When c3 =0, (A.5) may be viewed as an inverse inequality. It then
simply states that the L> norm of the density of a normal random variable is bounded
from above by the L' norm uniformly for all densities from the set of Gaussians with
a covariance matrix satisfying (A.4).

Proof. For conciseness, let g1(e) = g(e;m1,51) and go(e) = g(e;ma, S).
Step 1. Simplification. It is sufficient to prove the statement for ¢; = co = 1.
Indeed, suppose that there is L, > 0 such that

(A.6)
V(m, S1) € R¥ x 8K, V(ma, S2) € R¥ x SK, llg1 — 92llco < Lallgr — g2]|1-

Then, by the triangle inequality, it holds that

lealllgn = g2l + lex = ealflg]|

Hclgl - ngQHoo S
<lealLallgr = g2, + ler = ealf| 2|
<

Lallergn = eag2], + le2 = rlllgall, +lez = eal 2]l

By Jensen’s inequality, it holds that

ler —co| = '/ . c191(z) — caga(x)da| < ||0191 — C292||;
R

and so we deduce that

_ K
leg1 = c2g2|, < [leron — 200} (La i (QO;r)K> .

Furthermore, since both sides of the inequality (A.6) are invariant under translation,
it is sufficient to consider the case where mo = 0, which we do from now on. Finally,

note that
91(y) = 92(y) = dth( (W%quﬁ&ﬁ)
-9 (\/Ey;O, IK)) :

and so we can also assume without loss of generality that S; = Ix. Indeed, assume
that the inequality (A.6) is satisfied in this particular case with a constant L,. Since

1 1
— Ik < Sy P81y Syt =l Sy Ik < o,
o2 K HS || 2 M1 a” 2 ” K=ok,

we deduce that if (51, S2) € SX x SE for some a > 0, then

( 52—15“/551,1K>es x SK

Therefore, using the change of variable y — /.55 1y together with (A.6) in the partic-
ular case S = Ik, we obtain that
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||g(.;m1a Sl) - g(.voa S2)HOO

1 _ _ [
= \/(m g<.) 52 1m17 ‘921‘91 52 1) g(.’()?IK)H

2 e}
< \/ ml,\/ Sl ) 0 IK
%

o2 lg(em1, 51) — g(;0,5)|, ,

det SQ
L
\/ det Sy

and so the bound (A.6) is valid in general with L, = a' Lyz.

Step 2. Proof of the simplified statement. It remains to show that there exists
for all & > 0 a constant L, such that the following inequality holds for all (m,S) €
RY x SK.

1

llg(®;m1,51) — g(#;0,%)||, <azL

(A7) 16lloe < Lallblls,  by) =glyim, S) — g(y; 0, Ix).

To this end, fix a >0, fix € € (0,1), and assume first that ||S— Ix|| > e. By the lower
bound on the total variation distance between Gaussians in [17, Proposition 2.2], we

have that
1 det §*/* det 1,/* 1 I\
Lipy 1 -5 dethe o (L (B2 0) ).
2 d

et(S-i-QIK)l/z 8 2
1+5
2+€

where (\;)K | are the eigenvalues of S. In the last inequality, we used that, since all the
terms in the product are bounded from above by 1 by the arithmetic mean-geometric
mean inequality and since at least one eigenvalue is not in the interval (1 —e,1+ ¢)
given that ||.S— Ik || > €, it holds that

ﬁ V>\i < max \/X_ 2\/14’6
a1 %\\,\71\25 %_ 24¢

On the other hand, since S = I K, it holds that det S > K, and so

In particular, it holds that

1 det S*/* det IM/*
sblh =1 - ———- = —H

(A.8) ot (S+21K)1/2 -

K
2

(A.9) Il <2 (55)

Combining (A.8) and (A.9) gives that

B

Bl > Cillbles Crim |12/ 2AEE <2ﬂ>

24¢ a

Consider now the case where ||S — Ix| < e. Since S +— VdetS is Lipschitz
continuous over the set of symmetric positive definite matrices S such that ||S— Ik || <
e, with a Lipschitz constant we denote by c., it holds by Lemma A.3 that
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1+ K 1+

K
o 2 [6% 2
||h||oo<(2w)§< b+ = ||S]K||+ozK‘\/detS\/detIKD

K Oz1+2K O[1+%
< (27‘()77 <\/6|m| + (e +CEOZK> HS* ]KH) .

In view of (A.9), this implies that there exists a constant C' depending only on (e, o, K)
such that

(A.10) 1Blloe < € (min{lml, 1} + 15— L))

On the other hand, since the characteristic function of N (m,S) is given by u
T T
elm u—gu’Su it holds by definition of the characteristic function that

T |u|

Vu e RY, eim umzu St _ o= :/ e Th(x)da.
RK

Therefore, it holds that

im" T 2 T T g
6]l = sup |e™ u—3u'Su e e—%u Su _ g—imTu—L= |

lul<1

= sup
lul<1

It is clear from elementary geometry in the complex plane that

Yu € RK, ‘e_%"TSU _ e—imTu—$
>max{‘sin(mT )’e_%’ e—guTSu e_‘“‘2 } 7
and so we have
B[l > max{ sup ’Sin(mT )| e,@’ sup e zu Su —e*# }
Jul<1 Jul<1

WV

-1
max<{ e~ sup |sin(mTu)‘ ,e— sup ’uT(S—IK)u|
lul<1 2 <t

-1
:max{eé sup [sin(m v)| ,%HS— IK”}.

lul<1

In the second inequality, we used that u'Su<1+e<2 for all |u] <1, together with
the elementary inequality ’ea — eb’ > emin{a,b} |a — b|. To conclude, considering the
particular value

m

\m\max{l, M},

K

u =
we obtain that

min{\mhi}
sup |sin(mTu)| > sin(min{|m|, g}) :/ ’ cos(t) dt > cos (%) min{\m\, %} .
0

lul<1
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Thus, using that max{A, B} > % + %, we obtain

15115 >max{e_écos (2) min{|m|7 %} , %HS— IK||}
(A.11) > %min{e*% cos (2) %, %}(minﬂmhl} + ]S — IKH).

Combining (A.11) with (A.10) leads to ||h]l1 = C2||h||c, Wwhich concludes the proof
of the case ||S— Ix| < e. Consequently, the statement (A.7) holds in general with
constant L, =min{Cy,Cy} 1. O

LEMMA A.6. Let P and Q denote the operators on probability measures given,
respectively, in (1.5) and (1.7). Suppose that Assumption A is satisfied and that
|h|coa < 4y, < 0o. Then there is L = L(kw, kp, Ly, 2, T) such that for all (ui,us,y) €
RY x R x RX and all pe P(RY), the density of p= QPu satisfies

1/ .
(A12)  |p(ur,y) = pluz,y)| < Llus — uzl exp (—4 (min{ 2, Jual2 } + |y|%)) :

Proof. Throughout this proof, C' denotes a constant whose value is irrelevant in

the context, depends only on kv, kp, £y, 2, ', and may change from line to line. Since
2
x

22
the function g(z) := e~%" has derivative —2ze~®" and since |xe*12| < e % for all

z € R, it holds for all (a,b) € R? that there is & between |a| and |b| such that

a? 2
(A.13) ‘e*a"’iefb? :|b,a| |g’(£)|<2|b—a\ (eizTJrei%).

Using this inequality with a? = |u; — ¥(v)[% and b* = 1|up — ¥(v)|%, and then using
the triangle inequality, we deduce that for all (uq,us,v) € R? x R? x RY,

exp (~ 3l — V)R —ex (~5 s — v )
<Clua — il (ex0 (=i~ V)R ) +exp (3 oz - ¥ ) ).

Integrating out the v variable with respect to p and using the equivalence of norms,
we obtain that

Putin) = Putua)| < Clus —uaf | exp (=5 = W) ) ()

1
+ Cluy — U2|/ exp (— |ug — ‘1/(’0)@:) w(dv).
R? 3

By Young’s inequality, it holds for all § > 0 that

1
1446

1
(A.14) Y(a,b) eRI xR, |a—0|%> lal — 5 1|2

Using this inequality with § = % together with the assumption that ¥ is bounded, we
deduce that
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1
(A15)  [Putur) ~ Putua)| < Clur ] [ exp (=] hul? ) uta)
R
1
#Clun = [ oo (< fual?) i)

Rd 4

1 .
< 2C|uy — usg|exp (—4 nr11n{|ul|227 uQQE}) .

Next, letting hs = (1 — s)h(u1) + sh(uz) and using a reasoning similar to that
in the proof of Lemma A.3, we obtain the following inequalities, which hold for all
(u1,u2,y) € R?x R? x R¥:

(A16) N (h(w).D)(y) = N (h(u2).T) (v)]
< us) —unle [ = vivesp (5 b —off) ds
< Clua — wlesp (-3,

where we used the Lipschitz continuity of h, together with (A.14) and the boundedness
of h, in the last inequality. In order to conclude the proof, using the definition of P,
we calculate that

P(Ul,y)—p(uz,y)ZPM(Ul)N(h(Ul)aF)( ) — (U2)N( ( 2), )(y)
= (Pu(u1) — Pu(uz)) N (h(u1),T) (y)
(u2)

+P,L1,(uQ)<N(h(U1) ) ( u2), )( ))

The first and second terms on the right-hand side can be bounded by using (A.15)
and (A.16), respectively, leading to (A.12). 0

Appendix B. Technical results for Theorems 2.2 and 3.2. We show mo-
ment bounds in Appendix B.1, and we prove that T, = B;u for any Gaussian prob-
ability measure p in Appendix B.2. Finally, we prove the stability results used in the
proofs of Theorems 2.2 and 3.2 in Appendices B.3 and B.4, respectively.

B.1. Moment bounds.

LEMMA B.1 (moment bounds). Let i denote a probability measure on R®. Under
Assumption A, it holds that

(B.1) |IM(Pp)| <k, < C(Pu) < Ky la+ 2.

Proof. From the definition of P in (1.5), we have that

M@ = [ uPn(u)du= W/R/R wexp (3 lu— () ) pld) du

= [ v,

where the last equality is obtained by changing the order of integration using Fubini’s
theorem. Using the first item in Assumption A, we then deduce the first inequality in
(B.1). For the second inequality in (B.1), we first note the following inequality, which
holds for any m,v € R? by Lemma A.1:
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[ = =mesp (~3 -0 ) du
(B.2) ;/Rd (u— (0)) ® (u— T(v)) exp (—;|u—\lf(v)|22> du.

The result follows by using the fact that ¥(v) is the mean under Gaussian N (¥ (v),%).
Now choose m to be the mean under measure Pu, and note that by conditioning on
v and using (B.2),

C(Py) = /R (u—m) @ (u—m) P(u) du

=W/R ([ twmme e myesp(~ = 903 au) n(a)

d(u — \I/(v)) ® (u — \I/(v))

exp(—% lu— \IJ(U)@]) du) p(dv)
~ [ Zutn) ==,
RY

and so C(Pu) = X. On the other hand, using Lemma A.1 again together with the fact
that by the Cauchy—Schwarz inequality aa' < (a'a)ly for any vector a € R?, we have

C(P,u)%/ u®uPu(u)du
R4

W/Rd /Rdu®uexp <;u\11(v)|22) j(dv) du

(B.3) = /Rd (T(v) ® U(v) + %) p(dv) S kG Lo+ X,

which concludes the proof. 0

It is possible, by using a similar reasoning, to obtain bounds on the moments of
QPwu.

LEMMA B.2. Let u denote a probability measure on R®. Under Assumption A, it
holds that

(B4) [M(QPR)| < /K3, + 17

and

25\21,.[(14-22 Ogx K >

. Yo Y
B. — — 5 1, < Pu) <
(B.5) mm{2n%+7’2} arx < C(QPR) ( Oxxa 263 I + T

Proof. The inequality (B.4) follows immediately from Assumption A and the fact
that

(B.6) M(QPp) = <A;,5|Fhlf)) .
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For inequality (B.5), let ¢: R = R denote the map ¢(u) = (u,h(u)), and let ¢y
denote the associated pushforward map on measures. A calculation gives

Odxa  Oux Cuu(puP) U (P
(B.7)  C(QPu)=C(¢:Ppu) + (0;;; dFK) = (Cyugz§p£ ny(gbj(jﬁﬁt)ul F) :

For any (a,b) € RY x R¥ | it holds that

aa’  Ogx i a a a a
2(0K><d bgT ) ®\p) =\ ) @\ ) 7+ <@+

Therefore, we obtain
a a aa’  Ogx i
(1) ()2 (o, )

which enables to deduce, using Lemma B.1 and Assumption A, that

u U
Ce:Pu) < /Rd (h(u)) ® (h(u)) Pp(u)du
uu’ Odx k2 1i+ Y Ogxi
B.8 <2 P du<2( ¥ X
( ) /Rd <OK><d h(u)h(u)T 'u(u) v 0K><d K}ZL]K ’
where we used (B.3) in the last inequality. Combined with (B.7), this inequality
leads to the upper bound (B.5). For the lower bound, note that by the Cauchy—

Schwarz inequality, it holds for any probability measure 7 € P(Rd X RK) and all
(a,b) e R® x R that

‘aTC“y(w)b| = / (a™(u—M"“(n))) (b7 (y — M¥(m))) m(dudy)
RIXRK
< \/aTC““ (m)a \/bTCW(ﬂ)b.
Therefore, by Young’s inequality, it holds for all £ € (0,1) and for all (a,b) € R? x R¥
that

.
<Z> C(¢sPu) <Z> > (1—¢e)a'C*"(¢sPu)a — (i - 1) bTCY (¢sPu)b
>(1—¢)a'Sa— <i - 1) K |b|%,

where we employed (B.1) and the bound C¥¥(¢4Pp) < k% Ik in the last inequality.
Using (B.7), we deduce that

T
1
(Z) C(QPu) (Z) >(1—¢)a"Ya— (6 — 1) K2 [b]> +bTTb
1
(B.9) >(1—e)olal® + (7 - (6 - 1) @) 1b]2.
Letting ¢ be such that the coefficient of |b|? is v/2, we finally obtain

T

a a Yo 2, V2
B.1 P > ! ,
(B.10) (b) c(QPy) (b) e

which concludes the proof. 0
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Remark B.3. A bound sharper than (B.10) can be obtained by letting & be such
that the coefficients of |a|? and |b|? are equal in (B.9), but this is not necessary for
our purposes.

LEMMA B.4. For py, s € P(R™) with finite second moments, it holds that
1
| M (1) — M(p2)| < ng(ul,m),
1
€)= COml < 1+ 5MGm) + M) ) dy G, )

Proof. Let m; = M(u;) and ¥; = C(;) for i = 1,2. Notice that |2a"u| < g(u) if
la| =1, so
1
(B.11) |my —mg| = sup |aT(m1 — mg)’ = sup |,u1 [aTu] — o [aTuH < idg(,ul,,ug),
la|=1 la|=1
where the supremum is over the unit sphere in R", centered at the origin and in the

Euclidean distance. Similarly,

121 — Xsa]| = sup |aTEla - aTEga|
la|=1

< sup { | fla"ul”] - palaTuf’)| + s [a"u]* - o]}
al=1

< dg(,ul,,ug) + |51|1p }/,Ll [aTu] + po [aTu] | |u1 [aTu] — U2 [aTu] |
al=1

1
(B12) < (1+2|m1+m2|> dg(lula/’LQ)a

which concludes the proof. 0
B.2. Action of T; on Gaussians.

LEmMA B.5 (B;G =T,G). Fiz y]T-Jrl e R¥. Let 7 be a Gaussian measure over
R? x R with mean and covariance given by

"= <my> 7 o= <SIy Syy> '

Recall the pushforward of F defined in (2.3). Then the probability measure B;m defined
in (1.8) coincides with the probability measure T ;m = ﬁ(o,o;ﬂ,y;H)WT.

Proof. For conciseness, we denote yf = y; 4+1- Using the well-known formula for
the conditional distribution of a normal random variable, we have that

(B.13) B =N (mu + SuySy, (4" = my), Suw — SuySy, Say) -

Since T; is the pushforward under an affine map, it maps Gaussian distributions in
PR* x R¥) to Gaussian distributions in P(R?) and so is sufficient to check that
the first and second moments of B;m and T;7 coincide. By definition of T; in (2.3),
we have that U + S,,S,,' (y" —=Y) ~T;m if (U,Y) ~ 7. It follows immediately that
the mean under T;m coincides with that under the conditional distribution (B.13).
Employing the expression for the mean under T;m, we then obtain that the covariance
under T;m is given by

C(Tm) = E(U,y)w[(U - Suy Syt (my = V) ) @ (U =+ Sy Sy (my Y))} .
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Developing this expression, we obtain
T
C(Tim) =Ew,y)mr | (U —mu)(U —mu)" + (U —=my)(my —Y) S} S0,

+ SuySyy (my =Y ) (U = mu) " + Suy Sy (my —Y) (my — Y)TS;yISIy

= Suu - SuysgjlsT - S?Lysglsly + Suysgjls;—y - Suu - SuyS‘T;lsT

Yy Tuy Y Y y Puy’
which indeed coincides with the covariance of B;x in (B.13). d

LEMMA B.6. The maps (3.1) and (3.2) are equivalent.

Proof. The equivalence follows from Lemma B.5 and the operator equality T;G =
GT;, with both sides viewed as operators from P(R? x R¥) to P(R%). Since T; maps
Gaussians to Gaussians, the image of both operators is contained in the set G(R?) of
Gaussian distributions. It is therefore sufficient to check that for any 7 € P(R%x R¥),
the probability measures T;Gm and GT;7 have the same first and second moments.
We saw in the proof of Lemma B.5 that the first and second moments of T ;p, for any
pE P(Rd x R¥ ), depend only on the first and second moments of p. Therefore, the
first and second moments of T;7 and T;G7 coincide since the operator G leaves the
first and second moments invariant, and the conclusion follows. 0

B.3. Stability results.

LEMMA B.7 (the map P is globally Lischitz). Under Assumption A, it holds for
all pe P(RY) that

dy Py, Pv) < (1 + 2 +tr(2)) dg(p,v).

Proof. By definition (1.5) of P, it holds that

ex -1 u — v 2
Put) = [ t (Zi)d C:t;)'Z) pid)=: [ pfo.pido)

Take any f: RY — R such that |f| < g, where g(u) =1+ |u|?. Since ¥ is bounded by
assumption,

o= [ stptenan

< / ) g(uw)p(v,u)du
R
=140 (0)]* +tr(X) < 14 &% + tr(D).
Therefore, using Fubini’s theorem, we have
putsl—putsl|=| [ ([ stnto.0) ) uao) = vian)
= ule] = )| < (14 K3 + () ) dy (1),

which concludes the proof. ]

LEMMA B.8 (the map Q is globally Lipschitz). Under Assumption A, it holds for
any p,v € P(RY) that

(B.14) d,y(Qu, Qu) < (1 e tr(F))dg(u, V).
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Proof. Let us take f: R?x R® — R such that |f| < g and introduce the operator
IT given by

= [ Fug) N (), T) )
RK
Clearly, |IIf(u)| <IIg(u), and it holds that
tg(u)= [ (14 + 152) M@, T) () = 1+ + [ oA (). T) )
=1+ uf2 + |h(u)|* + (D) < (1 g +tr(F)> (1+ [uf?).
Therefore,
|Qul] — QU = |lttf] = vl f)| < (14 62 + tx(T) ) dy 11, 0),

and we obtain (B.14). 0

LEMMA B.9. Under Assumption A, there exists Cg = Cg(ky, kv, kn, S, ") such
that for any probability measure p € P(R?), it holds that

Viel0,J],  de(B;GQPu,B;QPu) < Cedg(GQPL, QPw).

Proof. For conciseness, we denote yf = y;r +1- Let us introduce the y-marginal
densities

) Z/Rd GQPpu(u,y)du, Buly) = /Rd QPp(u, y) du

Then

GQPpu(u,y")  QPu(u,y') ‘
au(yh) Bu(y")
1

™) / (1 + |uf?) |GQPu(u, y") — QPu(u,y")| du
au(yh) -

au(y’) ﬂu yT

,(B,6QPy.B,QPx) = [ (1+[uf?)
Rd

(B.15) ’/ (1+ |ul?) QPp(u, y") du.

Step 1: Bounding v, (y") and B,,(y") from below. The marginal distribution c,(e)
is Gaussian with covariance matrix

(B.16) I+ Pulh(e) @ h(e)] — Pu[h(e)] @ Pulh(e)],

which is bounded from below by I and from above by I'+ 2 Ik in view of Assumption
A. (We again use the fact that aa™ < (a"a)ly for any vector a € R? by the Cauchy—
Schwarz inequality.) Assumption A also implies that the mean of «, is bounded from
above in norm by k. Therefore, it holds that

exp (=5 (Jyl +m)?[I071))
V@m)E det(T + K2 Ix)

(B.17) vy e RY, au(y) >
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The function 3,, can be bounded from below independently of ;1 in a similar manner.
Indeed, it holds under Assumption A that for all y € RE,

exp (—4 (y — h(w) T~ (y = h(w)))

5= [ QPutwa)du= [ T Pyu(u) du
SRS
2mK det(T)

Step 2: Bounding the first term in (B.15). For fixed u € R, the functions y
QPu(u,y) and y— GQPu(u,y) are Gaussians up to constant factors. The covariance
matrix of the former is I', and using the formula for the covariance of the conditional
distribution of a Gaussian, we calculate that the covariance of the latter is given by

(B.19) CY(QPp) — € (QPp)C™" (QPp) ' C" (QPp).
Since CY*(QPu)C**(QPu)~1C* (QPu) is positive semidefinite, it follows from Lemma

B.2 that the matrix (B.19) is bounded from above by 2x% I + I'. Then, using the
same notation as in (B.7), we obtain that

C*(QPp) — € (QPU)C™ (QPp) " C"¥(QPy)
(B.20) =T+ (C*(95Pu) = CV*(64P)C™" (¢4P) ~'C*¥(65Pu) ) = T,

where the inequality holds because, being the Schur complement of the block
C*"(¢pyPp) of the matrix C(¢4Pp), the bracketed term is positive semidefinite. There-
fore, the matrix (B.19) is bounded from below by T', and so the integral in the first
term of (B.15) may be bounded from above by using Lemma A.4 in Appendix A with
parameter o = a(kp, '), which gives

/Rd (1+ [u?) |GQPu(u, y) — QPu(u, y)| du
<C/ / (1+ |ul?) |GQP(u,y) — QPu(u, y)| dudy
RK JRA

<C/ / (14 Jul® + |y?) |GQPu(u, y) — QPu(u,y)| dudy
RK Rd
(B.21) = Cdy(GQPy, QPp)

for an appropriate constant C' depending only on I' and .
Step 3: Bounding the second term in (B.15). By (B.21), we have

au(s) = 5] =| |, GQPuCu) ~ QPrtusy)

< / (1+ |ul?) [GQPu(u,y) — QPu(u,y)| du < Cdy(GQPu, QPp).
Rd

On the other hand, since y — QPu(u,y)/Pu(u) is a Gaussian density with covariance
I, which is bounded uniformly from above by ((2m)* det(F))_l/z, it holds that
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/ (1+ [u*) QPu(u, y) du = B,(y) + / lu|?QPu(u, y) du
Rd Rd
|u|?Ppu(u)

et @K dov(m)
tr(C(Pp)) + |M(Pu)[?
2m)Kdet(T)

< 6u(y) +

= Buly) +

By Lemma B.1, the first and second moments of Py are bounded from above by a
constant depending only on sy and 3.
Step 4: Concluding the proof. Combining the above inequalities, we deduce that

C(I{\y, Kh, 2, F)

,(B;GQP1, B;QPy) < T
O‘u(yj-u)

(1 + 1’r> de(GQPu, QPL).

7 (yj+1

Using (B.17) and (B.18) together with the uniform bound &, on the data (Assumption

A) gives the conclusion. O
To conclude this section, we show a stability result for T.

LEMMA B.10 (stability result for the mean-field map T;). Suppose that As-
sumption A is satisfied and that |h|con < €y < oco. Then, for all R > 1, there is
Lt =Lt (R, Ky, kw, &n, ln, 2, T') such that for all m € Pr(R? x RF) and e P(RY), it
holds that

vje[1,J], dg(T;m, Tjp) < Ly dy(m,p), p:=QPpu.

Proof. By Lemma B.2, the probability measure QP belongs to Pﬁ(Rd x R )
for some R > 1. Let us introduce

r= maX{R, E, ny}

and denote by 7 and 7P the affine maps corresponding to evaluation of covariance
information at 7 and p = QPpu. Specifically,
T . —1
T™(uyy) =u+ A (y' —y), A=Ky K, ,
yp(u,y):u+Ap(yT—y)7 Ap:: SuySq;yla
where K=C(7), S=C(p), and y = y;H. By the triangle inequality, we have
(B.22) g (T, ;) < dy(F77, T7p) +dy (F7p, TP).

Before separately bounding each term on the right-hand side, we obtain simple in-
equalities that will be helpful later in the proof. It holds that
—1 1

(B.23) [ ARl < | Ky 16, 1| < K] <ot

and similarly for A,. Here we used that the matrix norm (induced by the Euclidean
vector norm) of any submatrix is bounded from above by the norm of the original
matrix. Using this bound again, we obtain, assuming that r > 1 without any loss of
generality,
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[ Ar = Apll = 1 Kuy Ky = SuySyy 1| < | (Kuy = Suy) Ky | + [|Suy (K = Sy |
<r? ||Kuy uy”"’HK;yl_S;yl”)

(

TQ(”K Suy” + HK;}(SW o Kyy)S;yln)
(
6

<72 (IKuy = Sugll + 1B 110 = Ky 1Sy 1)
<

(B.24) 29| K — S| < 2r%(1 + 2r) dy (),

where we used in the last line the inequality (B.12) from Lemma B.4.

Bounding the first term in (B.22). Let f: R® — R denote a function satisfying
|fI < g. It follows from the definition of the pushforward measure that

|\ T lf1 = ZTplf| = |7lf o T7] = plf 0 T7]|.
For all (u,y) € RY x R¥ it holds that
Fo 7™ (wy)| =|f(ut Ax(y' 1)) <o(u+ An (s 1))

=1+ u+ A (yt —y)|* <1+ 3Juf? + 3|4y + 3| Apy)?
<3 (1+ |Azy'?) max {1, ]| Ax[?} g(u,y).

Therefore, using (B.23), we deduce that
(B.25) dg(F7m, T p) <3 (147" r¥dy(m,p).

Bounding the second term in (B.22). Let f: R! 5 R again denote a function
satisfying the inequality |f| < g, with g(u) =1+ |u|?. It holds that

‘yuwp[f] _ yﬁpp[f]’ _ ’p[fo T - p[f o ﬂp}‘ - ‘p[fo T™—fo 91’]‘.
The right-hand side may be rewritten more explicitly as
plfo 7™~ fo 7]

zl/RK/Rdf(quAﬁ(yT—y))—f(U+A (y' —y))p(%y)dudy‘-

We apply a change of variable in order rewrite the integral in this identity as
/ (f(u+ Arz) —f(u—&—Apz))p(u,yT —z)dudz
RK JRA
(B.26) / / p(v— Arz,yt —2) —p(v — Apz,y — z))dv dz.
R¥ JRA
It follows from the technical Lemma A.6 proved in Appendix A that
Pl = Arzyy = 2) = p(o = A2,y = 2)|

<CJAnz - Apzlexp (—i (lyt = 2[5+ min {Jo - Axzf3 Jo - Aﬂli})) :
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Using this inequality, we first bound the inner integral in (B.26) for fixed z € RX.
Keeping only the terms that depend on v, we obtain that

1 .
-/Rd|f(v)|exp <—4mm{|v—Aﬂz|§(,|v—Apzﬁ{}) dv

1 1
= /Rd|f(’u)|max{exp (4 |lv— Aﬂz|§(> ,exXp (4 v — Apzi)} dv

1 1
</Rd|f(v)|eXp (4IUA,TZ|§<) var/Rd\f(v)|exp <4UAPZI§(> dv.

Since | f(v)| <1+ |v|?, it is clear that this expression is bounded from above by
0(1 | Anz? + |Apz|2) <Cr®(1+]2),

where we used (B.23) in the last inequality. The remaining integral in the z direction
can be bounded similarly,

1 2
dg(ﬂﬁ”p, ﬂﬁpp) < Cr8/ (1 + |z\2) |Arz — Apz|exp (—4 (’yT — z‘r)) dz
RK
(B.27) <Ortt Ay — A, < C’rlsdg(ﬂ,p),

where we used the bound (B.24) in the last inequality. Combining (B.25) and (B.27),
we deduce the statement. |

B.4. Additional stability results for the Gaussian projected filter. Next,
we show the local Lipschitz continuity of the Gaussian projection map G. To this end,
we begin by proving the following result. (The proof uses an approach similar to that
employed in [17] for obtaining an upper bound on the distance between Gaussians in
the usual total variation metric.)

LEMMA B.11. Let py = N(m1,31) and po = N(mz,3s) with 1,3, € R
symmetric and positive definite. It holds that
(B.28) dy (111, p2) <V [92)+ p2 [92] (3]|25 121 — Ln || + [ma — mals, ) ,

where ||e||r is the Frobenius matriz norm.

Proof. We denote by (A;)1<icn the eigenvalues of 2;122. Being the product of
two symmetric positive definite matrices, Zf122 is real diagonalizable with real and
positive eigenvalues. We note that

dg(p1, p2) < pualg) + p2lg) < Vinlg?] + Vi2lg?] < V24/1[g?] + p2lg?.

Now assume that max{)\j :1<j<n}>2. In this case, there is integer k such that
Ak =2, and so

35181 — Lnlle =3, | Y AT - 12230 -1 25 > V2

=1

N W

Combining the previous two inequalities proves (B.28) in the case where

max{\;:1<j<n}>2.
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We assume from now on that 0 < A; < 2 for all ¢ € [1,n]. Employing the same
reasoning as in [2, Lemma 3.1], we can prove

(B-29) dg(p1, p2)* < 2(#1 [9%] + p2 [92]) KL (gl p1),

where KL(usl||p1) is the Kullback-Leibler (KL) divergence of uy from gy, given by

d dpn
B.30 KL = —1 — | dpa.
(B.30) el i= [ v (1) e

The proof of the inequality (B.29) is presented in Lemma A.2 in Appendix A for
completeness. The KL divergence between two Gaussians has a closed expression,
which we rewrite in terms of the function fi(x): =z~ — 1+ loga:

(tr(25'8 — L) + (mq — ma) 85 (my —mg) — log det(X;'%1))

(Z()\fl -1+ (my — mg)TZgl(ml —mg) + Zlog /\i>

1=1 =1
1< )
=5 DA+ [ma —mal3, |-

=1

The function f; is pointwise bounded from above by fa(x) := (1—271)2 for z € (0,2).
To see this, consider the function ¢(z) = fa(x)— f1(x). It suffices to note that ¢(1) =0

and
-1 (1-2)(-2)

Since ¢'(x) <0 for x € (0,1) and ¢'(x) > 0 for « € (1,2), the desired upper bound on
fi1(x) by fo(x) for x € (0,2) follows. Therefore, since

KL(uallp1) =

N = N =

n n

S AN <Y ) =515 - L,
1=1

i=1

we have
KL(uzll) < 5 (1551~ Tl + b —mal3,)
< %(Hz;lzl — Il + [y — m2|g2)2.
Consequently, we deduce from (B.29) that

dg(p1, p2) < v/ [9?] + p2[9?] (||25121 — In|lp + |my — m2\22)7

which concludes the proof. 0

LEMMA B.12. For all R > 1, there is Lg¢ = Lg(R,n) such that for all pq,ue €
Pr(R"), the following inequality holds:

(B.31) dg(Gpa, Guz) < L (R, n) dg(pi1, p2).
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Before proving this lemma, we make two remarks on the form of the result.

Remark B.13. Lemmas B.7 and B.8 on the Lipschitz continuity of P and Q do not
depend on the specific choice of the function ¢ in Definition 1.1; they hold true also
for the usual total variation distance. In contrast, in the proof of Lemma B.12, the
specific choice of ¢ is used in order to control differences between moments by means

of dgy(e,e).

Remark B.14. A simple example shows that the constant Lg(R,n) in (B.31)
is divergent in the limit R — oo, indicating that the Gaussian projection operator
G is not globally Lipschitz continuous. Specifically, take € < %, and consider the
probability distributions

w1 =N(0,¢), po=ed_1+ (1 —2&)pu1 + €d1.
By definition of dg, it follows that

dg(p1, p2) < eg(—1) + 2ep[g] +eg(1)
(B.32) =2e+2e(1+4¢€)+2e<8e.

On the other hand, Gus = N(O,Qa +(1- 25)5), and the variance of this Gaussian is
bounded from below by 3¢ — 2e? > 2¢. Consequently, it holds that

dg(G,ulvG:U'Q) 2 dl(G:ulvGNQ) = dy (N(07€)7N(0’26)) =dy (N(Ov 1)7N(0a2))a

where d; is the usual total variation metric. The right-hand side of this inequality
does not depend on ¢, and so

dy(Gpy, Gpz)
dg(p1, p2) =0

This proves that G is not globally Lipschitz.
Proof of Lemma B.12. Let m; = M(u;) and 3; = C(u;) for i =1,2. By Lemma

B.4, it holds that
1 -1
|m1 —mals, < 3 135 1 dg (b1, p2)-

In addition, also using Lemma B.4 and the facts that |A||r < v/n||4| and [|[AB| <
IAIIB|| for any matrices A, B € R™*",

_ _ 1
15521 = Falle < V7 | (1 S+ ) dfn, )

Lemma B.11 then gives

1
dyg(Gpr, Gpa) < v/Gpua [92] + Gpz [g }<3\/ﬁ(1+2|m1+mzl>
1
123+ 5123 1) dafir )

<V/Gua[g?] + Gpalg ]<3\f<1+ |m1+m2> >

(L1122 1) do (2, 12).
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Clearly, Gp; [¢?] < C(1+4|m;|*+]|3;]|?) for our choice of g for an appropriate constant
C, and so we conclude by use of Young’s inequality that

dy(Gpar, Gpiz) < C (14 maf* + maf® + S0/ 4+ /) (1 4+ [|257]) dy i, p2)

for another constant C' depending only on n; this completes the proof. ]

We end the subsection by showing local Lipschitz continuity of the conditioning
operator B; over the set G(R* x R¥).

LEMMA B.15. For all R > 1, there exists a constant Lg = Lg(R, ky) such that for
all Gaussian probability measures mw,p € QR(Rd X RK),

(B.33) Vjefo,J—1], dg(Bﬂr, ij) < Lg(R, ky)dy (7r,p).

Proof. Let 7 = N(7,Y) and p = N(t, U). We use the shorthand notation y' =
yJT-H. It is well known that if Z ~ N(7,T) for a vector 7 € R* ¥ and a matrix

T € RUHK)XEHE) then the conditional distribution of Z, given that Z, = yl is
given by

(B.34) Zu Zy =y  ~ N (a4 Cuy Ty (0 = 7)), Tuus = Tuy Ty L)
Denoting Bj7 =N(A,A) and B;p =N (¢, D), we have

A=l=7y =ty + Tuy’r;yl(yf —7y) — Uy Uz:yl (yT —ty)

=Tu—tu+ (Tuy — Uuy) Yy (' — 1)
+ Uuy Uy, (Uyy = Yy )Ty (= 7)) = Uy Uy (1 — ).

vy Vyy vy

Since the 2-norm of any submatrix is bounded from above by the 2-norm of the matrix
that contains it, we deduce that

A= €] <2R" |7 — t| + 2R (R + k) ||T — U]

Similarly, |A = D|| = | Tuu = Uuu — Tuy Lyt Tyu + Uy Uy Uyull < 4RS||Y — UJJ. By
Schur decomposition, it holds that

(B.35)
(U%u Uuy> _ (Id Usy Uy;> (Uuu — Uy U, Uy, 0 ) ( RCI ) .
Uwy Uyy 0 I 0 Uyy) \Uyy Uy 1K

Since D= Uy, — Uy UL UT

uy Uyy Uy, We have by the Courant-Fischer theorem

z" Ux drK z" Uz U
Amin (V) mln{ z€R \{0}} < mm{ po gkl <_ U T u)

Tz

and u € R%\ {0}}

. (u"Du u d
:mm{ T, = (_UyleIyu> and u e R \{O}}

uT u
UT[; cue R\ {0}} = Amin(D).

gmin{
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Therefore, [|[D71|| < ||U"|| < R?. Using Lemma B.11, we then have

dy(B;7.B;p) < /Bymlg?] + Byplg?] (BID7'A ~ Tllp + 1A — £ )
< \/Bymlg?] + Byplg?] (3VIA — D + A —4]) (1+ (D7)
SC(R,my)(IT = Ull + |7 — t)

for an appropriate constant C' depending on R and x,. By Lemma B.4, it holds that

3 1
Y= o+l < (34 3l +1) dy(ron)

enabling us to conclude. 0
Appendix C Technical results for Corollaries 2.5 and 3.3.

LEMMA C.1. Suppose that ¥: R — R? and h: R — RX are functions such that
Assumption A is satisfied, and let (Up)nen and (hn)nen be sequences of operators
such that

oo d oo d
0, ﬂ) , and B ﬂ h.
n— 00 n— 00

Let P,, and Q,, denote the maps (1.5) and (1.7) associated with the functions ¥,, and
hn, and assume that they too satisfy Assumption A. Then

(C.1) sup dg(Pu,Ppp) ——0 and sup d (Qu,Qnu) —0
ueP(R) n—00 pEPR(RY) e

for all R>1 for the second statement.

Proof. For all u € P(Rd)7 the probability measures Py and P, u have Lebesgue
densities. By the definition in (1.5) of P and Remark 1.2, it holds that
) p1(dw)

dg(Pp, Prp) = du,

V( 27Tddet /Rd ‘ R

where
1 2 1 2
A, (u,v) :=exp —§|u—\I/(v)|2 — exp —§|u—\11n(v)|2 .

Letting ¢s(v) = (1 —s)¥(v) + sV, (v) and using the same reasoning as in Lemma A.3,
we obtain that

! 1
20w < 90) = 00 [ =l e (=gl il ) as
! 1
(C.2a) < ‘\I/(v) — \I/n(v)|2/ (|u|Z + |1/}S|2) exp (—3|u‘; + WS’;) ds
(C.2b) <C¥(v) — U, (v)| exp( ~|ul )
n (C.2a), we used that by Young’s inequality, it holds for all § > 0 that

2
Ju— 5, > stlg-

1+5| uly =
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Then, in (C.2b), we used the bound ||¢)s]|L~ < Ky, which holds for all s € [0,1] by
Assumption (H2). The first limit in (C.1) then follows immediately.

For the second limit in (C.1), fix u € Pr(R?), and note that by definition (1.7)
of Q,

4y(Qui, Qup) < Lt ful? + Jy12) | A ()| () dy

1
\/ (27T)KdetF /R,deK(
(©3) < gt a1 (o (T Bt ) )

where we introduced

By ()= oxw (=gl =07 ) = exp (~3lu - ma(w2).

Using the same strategy as above, we obtain that
~ 1, 2
Y(u,y) € RY x RE |An<u,y>|<cyh<u>hn<u>\rexp(4|y|r).

Substituting in (C.3) gives the second limit in (C.1). ad

PROPOSITION C.2. Suppose that ¥: R? — R? and h: R — RX are functions
taking constant values, and let (V,,)nen and (hyp)nen be sequences of functions such
that

oo d oo d
U, LY and b

Let P,, and Q,, denote the maps (1.5) and (1.7) (associated with the functions V,, and
hn), and assume that they too satisfy Assumption A. Denote by (u7)jen, ) the true
filtering distribution associated with functions V,, h,. Then, with the same notation
as in Lemma C.1, it holds that

li dy(GQuPnp”, QuPpp?) = 0.
ey 1o Ot Q) =0

Proof. The conclusion follows from the stronger statement that

lim sup dg(GQ,PLu, QuPru)=0.
nHOOHEP(Rd)

Indeed, fix p € P(Rd). By the triangle inequality, we have that

(C.4)
dg(GQnPnHa QnPnN) < dg(GQn Paut, GQPN) + dg(GQP,u, QPH) + dg(QPﬂ» Qn PnN)~

Since ¥ and h are constant, the probability measure QPu is a Gaussian distribution
independent of u, and so the second term on the right-hand side is zero. For the third
term, we have using Lemma B.8 that

dg(QPu, QnPrpt) < dy(QPp, QuPu) 4+ dg(QnPr, QnPrp)
<dy(Qu,Quv) + (142, +00(T) ) dy (P, Pops),  vi=Pp.

Noting that v := Py is a fixed Gaussian measure independent of y and using Lemma
C.1, we deduce that both terms on the right-hand side tend to 0 in the limit n — co
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uniformly in ;€ P(R?). It remains to show that the first term in (C.4) also tends to
0 as n — oo uniformly in € P(R?). In view of the moment bounds in Lemma B.2,
there exist R>1 and N € N such that

Vn>N, VYuePRY), Q.P.ucPr(RY) and  QPucPr(RY).

Therefore, by the local Lipschitz continuity of G established in Lemma B.12 and the
uniform-in-p convergence to 0 of the third term in (C.4) that we already proved, it
holds that

sup dg(GQ’I’LPn,u7GQPN) — 07
peP(RY) nreo

which concludes the proof. 0
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