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Abstract

Recent research has shown the potential utility of deep Gaussian processes. These deep
structures are probability distributions, designed through hierarchical construction, which
are conditionally Gaussian. In this paper, the current published body of work is placed in a
common framework and, through recursion, several classes of deep Gaussian processes are
defined. The resulting samples generated from a deep Gaussian process have a Markovian
structure with respect to the depth parameter, and the effective depth of the resulting
process is interpreted in terms of the ergodicity, or non-ergodicity, of the resulting Markov
chain. For the classes of deep Gaussian processes introduced, we provide results concerning
their ergodicity and hence their effective depth. We also demonstrate how these processes
may be used for inference; in particular we show how a Metropolis-within-Gibbs construc-
tion across the levels of the hierarchy can be used to derive sampling tools which are robust
to the level of resolution used to represent the functions on a computer. For illustration,
we consider the effect of ergodicity in some simple numerical examples.
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1. Introduction

This section provides background on the study and application of Gaussian and deep Gaus-
sian processes, outlines the contribution and setup of the paper, and establishes notation to
be used in subsequent sections.

1.1 Background

Gaussian processes have proved remarkably successful as a tool for various statistical infer-
ence and machine learning tasks (Rasmussen and Williams, 2006; Kennedy and O’Hagan,
2001; Higdon et al., 2004; Stein, 1999). This success relates in part to the ease with which
computations may be performed in the Gaussian framework, and also to the flexible ways
in which Gaussian processes may be used, for example when combined with thresholding to
perform classification tasks via probit models (Neal, 1997; Rasmussen and Williams, 2006)
or to find interfaces in Bayesian inversion (Iglesias et al., 2016). Nonetheless there are limits
to the sort of phenomena that are readily expressible via direct use of Gaussian processes,
such as in the sparse data scenario, where the constructed probability distribution is far
from posterior contraction. Recognizing this fact, there have been a number of interesting
research activities which seek to represent new phenomena via the hierarchical cascading
of Gaussians. Early work of this type includes the PhD thesis of Paciorek (2003) (see also
Paciorek and Schervish, 2004) in which the aim is to reproduce spatially non-stationary
phenomena, and this is achieved by means of a Gaussian process whose covariance function
itself depends on another Gaussian process. This idea was recently re-visited by Roininen
et al. (2016), using the precision operator viewpoint, rather than covariance function, and
building on the explicit link between Gaussian processes and stochastic partial differential
equations (SPDEs) (Lindgren et al., 2011). A different approach was adopted by Damianou
and Lawrence (2013) where a Gaussian process was directly composed with another Gaus-
sian process; furthermore the idea was implemented recursively, leading to what is referred
to as deep Gaussian processes (DGP). These ingenious constructions open up new possi-
bilities for problems in non-parametric inference and machine learning and the purpose of
this paper is to establish, and utilize, a common framework for their study. Relevant to
our analysis is the early work of Diaconis and Freedman (1999) which studied iterations of
random Lipschitz functions and the conditions required for their convergence.

1.2 Our Contribution

In the paper we make three main contributions:

e We demonstrate a unifying perspective on the hierarchical Gaussian processes de-
scribed in the previous subsection, leading to a wide class of deep Gaussian processes,
with a common framework within which new deep Gaussian processes can be con-
structed.

e By exploiting the fact that this common framework has a Markovian structure, we
interpret the depth of the process in terms of the ergodicity or non-ergodicity of this
process; in simple terms ergodic constructions have effective depth given by the mixing
time.
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o We demonstrate how these processes may be used for inference; in particular we show
how a Metropolis-within-Gibbs construction across the levels of the hierarchy can
be used to derive sampling tools which are robust to the level of resolution used to
represent the functions on a computer.

We also describe numerical experiments which illustrate the theory, and which demon-
strate some of the limitations of the framework in the inference context, suggesting the need
for further algorithmic innovation and theoretical understanding. We now summarize the
results and contributions by direct reference to the main theorems in the paper.

e Theorem 4 shows that a composition-based deep Gaussian process will, with suffi-
ciently many layers, produce samples that are approximately constant. This pathology
can be avoided by, for example, increasing the width of each hidden layer, or allowing
each layer to depend on the input layer.

e Theorem 8 shows the ergodicity of a class of discretized deep Gaussian processes,
constructed using non-stationary covariance functions. As a consequence, there is little
benefit in adding additional layers after a certain point. This observation elucidates the
mechanism underlying the choices of DGPs with a small number of layers for inference
in numerous papers (for example Cutajar et al., 2017; Salimbeni and Deisenroth, 2017;
Dai et al., 2015).

e Theorem 14 establishes a similar result as Theorem 8 on function space, for a different
class of deep Gaussian processes constructed using non-stationary covariance operators.

e Theorem 16 establishes the asymptotic properties of a deep Gaussian process formed
by iterated convolution of fairly general classes of Gaussian random fields. Specifically
it is shown that such processes will either converge weakly to zero or diverge as the
number of layers is increased, and so they will provide little flexibility for inference in
practice.

1.3 Overview

The general framework in which we place the existing literature, and which we employ to
analyze deep Gaussian processes, and to construct algorithms for related inference tasks, is
as follows. We consider sequences of functions {u,} which are conditionally Gaussian:

Upt1|Up ~ N(m(un), C(un)); (CovOp)

here m(u,) denotes the mean function and C'(uy) the covariance operator. We will also
sometimes work with the covariance function representation, in which case we will write

Unt1|un ~ GP(m(z;up), c(z, 2’5 uy)). (GP)

Note that the covariance function is the kernel of the covariance operator when the latter is
represented as an integral operator over the approximate domain D C R%:

(Clun)6) (@) = [ ela'sun)olade'.
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In most of the paper we consider the centred case where m = 0, although the flexibility
of allowing for non-zero mean will be important in some applications, as discussed in the
conclusions. When the mean is zero, the iterations (CovOp) and (GP) can be written in the
form

Un+1 = L(up)&nii, (ZeroMean)

where {,} form an ii.d. Gaussian sequence and, for each w, L(u) is a linear operator.
For example if the &, are white then the covariance operator is C(u) = L(u)L(u)' with
T denoting the adjoint operation and L(u) is a Cholesky factor of C'(u). The formulation
(ZeroMean) is useful in much of our analysis. For the purpose of this paper, we will refer to
any sequence of functions constructed as in (ZeroMean) as a deep Gaussian process.

In section 2 we discuss the hierarchical Gaussian constructions referenced above, and
place them in the setting of equations (CovOp), (GP) and (ZeroMean). Section 3 studies the
ergodicity of the resulting deep Gaussian processes, using the Markov chain which defines
them. In section 4 we provide supporting numerical experiments; we give illustrations
of draws from deep Gaussian process priors, and we discuss inference. In the context of
inference we describe a methodology for MCMC, using deep Gaussian priors, which is defined
in the function space limit and is hence independent of the level of resolution used to
represent the functions u,; numerical illustrations are given. We conclude in section 5 in
which we describe generalizations of the settings considered in this paper, and highlight
future directions.

1.4 Notation

The structure of the deep Gaussian processes above means that they can be interpreted as
Markov chains on a Hilbert space H of functions. Let B(#) denote the Borel o-algebra on
H. We denote by P : H x B(H) — R the one-step transition probability distribution,

P(u, A) = P(u, € Alup—1 = u), (1)
and denote by P™ : H x B(H) — R the n-step transition probability distribution,

P*(u, A) = P(u, € A|up = u). (2)
Thus, for example, in the case of the covariance operator construction (CovOp) we have

P(u,-) = N(0,C(u)),

when the mean is zero. This Markovian structure will be exploited when showing ergodicity,
or lack of ergodicity, of the chains.
2. Four Constructions

This section provides examples of four constructions of deep Gaussian processes, all of which
fall into our general framework. The reader will readily design others.



How DEEP ARE DEEP GAUSSIAN PROCESSES?

2.1 Composition

Let D CRY D' CRY wy: D — R™and F: R — D', If {&,} is a collection of i.i.d.
centred Gaussian processes taking values in the space of continuous functions C(D’; R™)
then we define the Markov chain

tn1(w) = a1 (F (un(a)) ). 3)

The case m = [, F = id and D = D’ = R™ was introduced by Damianou and Lawrence
(2013) and the generalization here is inspired by the formulation of Duvenaud et al. (2014).
The case where two layers are employed could be interpreted as a form of warped Gaussian
process: a generalization of Gaussian processes that have been used successfully in a number
of inference problems (Snelson et al., 2004; Schmidt and O’Hagan, 2003).

We note that the mapping £ — & o F' o u is linear, and we may thus define L(u) by
L(u)§ = £ o F o u; hence the Markov chain may be written in the form (ZeroMean). If
& ~ N(0,%) then the Markov chain has the form (CovOp), with mean zero and C(u) =
L(u)XL(u)*; if & ~ GP(0,k(z,2')) then the Markov chain has the form (GP) with mean

zero and c(x, 2';u) = k(F(u(w)),F(u(x’)))

2.2 Covariance Function

Paciorek (2003) gives a general strategy to construct anisotropic versions of isotropic covari-
ance functions. Let ¥ : R? — R%*? be such that ¥(z) is symmetric positive definite for all
z € R%, and define the quadratic form

Y(x) + 2(z')

-1
5 > (x —a'), z, 2 € R

Qes) = (a= )" (

If the isotropic correlation function pg(-) is positive definite on R?, for all d € N, then the
function . ) )
_ 2 22 det(X(x)) 7 det(X(2))7

Ae) det(S(z) + X(2'))2

ps(vVQ(x, z'))

is positive definite on R? x R? and may thus be used as a covariance function. We make
these statements precise below. If we choose ¥ to depend on wu, then this may be used as
the basis of a deep Gaussian process. To be concrete we choose

S(z) = F(u(z))lq

where F : R — Rsq for u: D C RY — R. We then write c(z,2;u). Now let u, : D — R
and consider the Markov chain (GP) in the mean zero case. Paciorek (2003) considered
this iteration over one-step with ug ~ GP(0,02%ps(||z — 2'||)) and u; was shown to exhibit
interesting non-stationary effects. Here we generalize and consider the deep process that
results from this construction for arbitrary n € N. By considering the covariance operator

(Clue) @) = [ claalsuypla!) o

5
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we may write the iteration in the form (CovOp). The form (ZeroMean) follows with L(u) =
C(u)% and &,+1 being white noise.

Various generalizations of this construction are possible, for example allowing the point-
wise variance of the process o2 to be spatially varying (Heinonen et al., 2016) and to depend
on uy(x). These may be useful in applications, but we confine our analysis to the simpler
setting for expository purposes; however in Remark 12 we discuss this generalization.

In order to make the statements made above precise, let pg : [0,00) — R be a stationary
covariance kernel, where the covariance between locations x and y depends only on the
Euclidean distance ||z — y||2. We make the following assumption on ps.

Assumptions 1 (i) The covariance kernel ps(||x —y||2) is positive definite’ on R% x R%:
for any N € N, b € RV\{0} and pairwise distinct {z;}; C R?, we have

N N
ZZbibjps(HfL'i — .CC]‘HQ) > 0.

i=1 j=1
(ii) ps is normalized to be a correlation kernel, i.e. pg(0) = 1.

Using (Wendland, 2004, Theorem 6.11), sufficient conditions for pg to fulfill Assumptions
1(i) are that ps, as a function of 2 —y, is continuous, bounded and in L' (R?), with a Fourier
transform that is non-negative and non-vanishing. These sufficient conditions are satisfied,
for example, for the family of Matérn covariance functions and the Gaussian covariance. To
satisfy Assumptions 1(ii), any positive definite kernel pgg can simply be rescaled by pg(0).

We now have the following proposition, a slightly weaker version of which is proved
by Paciorek (2003), where it is shown that p(-,-) is positive semi-definite if pg is positive
semi-definite. Our proof, which is in the Appendix, follows closely that of (Paciorek, 2003,
Theorem 1), but sharpens the result using a characterization of positive definite kernels
proved in (Wendland, 2004, Theorem 7.14).

Proposition 1 Let Assumptions 1 hold. Suppose ¥ : R* — R4 s such that ¥(2) is
symmetric positive definite for all z € R?, and define the quadratic form

Ny —1
Q(z,z') = (z — 2T <W> (x —2'), z, € R

2
Then the function p(-,-), defined by

y _ 2238
T, x)= T Qx,2") ),
o) = (V2 T)

is positive definite on R x R?, for any d € N, and is a non-stationary correlation function.

1. If the double sum in this definition is only non-negative, we say that the kernel pg is positive semi-
definite. We are thus adopting the terminology used by Wendland (2004), where the kernel pg is called
positive definite if the double sum in Assumptions 1(i) is positive, and positive semi-definite if the sum
is non-negative. For historical reasons, there is an alternative terminology, used by for example Paciorek
(2003), where our notion of positive definite is referred to as strictly positive definite, and our notion of
positive semi-definite is referred to as positive definite.
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Non-stationary covariance functions c(z,y), for which ¢(z,z) # 1, can be obtained from
the non-stationary correlation function p(z,y) through multiplication by a standard devi-
ation function ¢ : R? — R, in which case we have c(x,y) = o(z)o(y)p(z,y). Since the
product of two positive definite kernels is also positive definite by (Wendland, 2004, Theo-
rem 6.2), the kernel ¢(z,y) can be ensured to be positive definite by a proper choice of o.
We discuss generalizations such as this in the conclusions section 5.

We are interested in studying the behaviour of Gaussian processes with non-stationary
correlation functions p(z, y) of the form derived in Proposition 1, in the particular case where
the matrices 3(z) are derived from another Gaussian process. Specifically, we consider the
following hierarchy of conditionally Gaussian processes on a bounded domain D C R? defined
as follows:

up ~ GP(0, ps()), (4a)
Upt1|un ~ GP(0, p(+, 3 up)), forn eN. (4b)

Here, p(-,;uy,) denotes a non-stationary correlation function constructed from pg(-) as in
Proposition 1, with the map ¥ defined through w,. Typical choices for ¥ are ¥(z) =
(un(2))? I and 2(2) = exp(un(2)) Iz. Choices such as the first of these lead to the possibility
of positive semi-definite ¥ and, in the worst case, ¥ = 0. If 3 = 0 the resulting correlation
function is given by

ps(0) =1, and ps(r) =0 for any r > 0.

This does not correspond to any (function valued) Gaussian process on R? (Kallianpur,
2013): heuristically the resulting process would be a white noise process, but normalized to
zero. However, it is possible to sample from any set of finite dimensional distributions when
Y = 0: the correlation matrix is then the identity. To allow for the possibility of F(-) taking
the value zero, we therefore only study the finite dimensional process defined as follows:

up ~ N(0,Rg), (5a)

Uyt1 | up, ~ N(O,R(u,)), forneN. (5b)

The vector u,, has entries (u,); = u,(x;). Here, Rg is the covariance matrix with entries

(Rs)ij = ps(||lxi — zj[]2), and R(uy,) is the covariance matrix with entries (R(uy))i; =
p(i, 7j;uy). The set {x;} comprises a finite set of points in R%.

We may now generalize Proposition 1 to allow for ¥ becoming zero. In order to do this
we make the following assumptions:

Assumptions 2 (i) We have X(z) = G(z2)lg, for some non-negative, bounded function
G:R— Rzo.

(i) The correlation function ps is continuous, with lim,_,~ ps(r) = 0.
We then have the following result on the positive-definiteness of p(-,-),

Proposition 2 Let Assumptions 1 and 2 hold. Then the kernel p(-,-) defined in Proposition
1 is positive definite on R* x R%.
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Remark 3 This proposition applies to the process (5) with ¥(z) = F(un(z))ld and F :
R — Rx>g locally bounded, by taking G = F ouy, proving that p(-,-;uy,) is positive definite on
D x D for all bounded functions u, on D. Here we generalize the notion of positive-definite
in the obvious way to apply on D C R¢ rather than on the whole of R

2.3 Covariance Operator

Here we demonstrate how precision (inverse covariance) operators may be used to make
deep Gaussian processes. Because precision operators encode conditional independence and
sparsity this can be a very attractive basis for fast computations (Lindgren et al., 2011).
Our approach is inspired by the hierarchical Gaussian process introduced by Roininen et al.
(2016), where one-step of the Markov chain which we introduce here was considered. Let
D CRY u, : D — Rand X := C(D;R). Assume that F' : R — Rsq is a bounded
function. Let C_ be a covariance operator associated to a Gaussian process taking values in
X and let P be the associated precision operator. Define the multiplication operator I'(u)
by (I'(u)v)(z) = F(u(x))v(z) and the covariance operator C(u) by

C(u)™' = P+T(u)

and consider the Markov chain (CovOp) with mean zero; this defines our deep Gaussian
process. We note that formulation (GP) can be obtained by observing that the covariance
function c¢(u) := ¢(x, 2’;u) is the Green’s function associated with the precision operator for
C(u):
Clu)~ el 2'su) = 0 ()

where 0, is a Dirac delta function centred at point z’. Computationally we will typically
choose P to be a differential operator, noting that then fast methods may be employed to
sample the Gaussian process up+1|u, by means of SPDEs (Lindgren et al., 2011; Dashti
and Stuart, 2017). If P is chosen as a differential operator, then the order of this operator
will be related to the order of regularity of samples, and F' will be related to the length
scale of the samples. These relations are made explicit in the case of certain Whittle-Matérn
distributions when F' is constant (Lindgren et al., 2011); some boundary effects may be
present when D # R? though methodology is available to ameliorate these (Daon and
Stadler, 2018). As in the previous subsection, the form (ZeroMean) follows with L(u) =
C’(u)% and &,4+1 being white noise.

Generalizations of the construction in this subsection are possible, and we highlight
these in subsection 5; however for expository purposes we confine our analysis to the setting
described in this subsection. For theoretical investigation of the equivalence, as measures,
of Gaussians defined by addition of an operator to a given precision operator (see Pinski
et al., 2015).

2.4 Convolution

We consider the case (ZeroMean) where L(u) := u * £ is a convolution. To be concrete we
let D = [0,1]¢ and construct a sequence of functions u, : D — R (or u, : D — C) defined
via the iteration

U1 (2) = (g * i) (@) = / tn(E — )nsr () dy,

[0,1]¢
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where {{,} are a sequence of i.i.d. centred real-valued Gaussian random functions on D.
Here we implicitly work with periodic extension of u, from D to the whole of R? in order
to define the convolution.

3. The Role of Ergodicity

The purpose of this section is to demonstrate that the iteration (ZeroMean) is, in many
situations, ergodic. This has the practical implication that the effective depth of the deep
Gaussian process is limited by the mixing time of the Markov chain. In some cases the
ergodic behaviour may be trivial (convergence to a constant). Furthermore, even if the
chain is not ergodic, the large iteration number dynamics may blow-up, prohibiting use of
the iteration at significant depth. The take home message is that in many cases the effective
depth is not that great. Great care will be needed to design deep Gaussian processes whose
depth, and hence approximation power, is substantial. This issue was first identified by
Duvenaud et al. (2014), and we here provide a more general analysis of the phenomenon
within the broad framework we have introduced for deep Gaussian processes.

3.1 Composition

We first consider the case where the iteration is defined by (3), which includes examples
considered by Damianou and Lawrence (2013); Duvenaud et al. (2014). Duvenaud et al.
(2014) observed that after a number of iterations, sample paths are approximately piece-
wise constant. We investigate this effect in the context of ergodicity. We first make two
observations:

(i) if ug is piecewise constant, then u,, is piecewise constant for all n € N;

(ii) if uo has discontinuity set Zy, and Z,, denotes the discontinuity set of the nth iterate,
then Z,11 C Z, for all n € N.

Due to point (ii) above, if the sequence {u,} is to be ergodic, then necessarily it must be the
case that Z, — &, or else the process will have retained knowledge of the initial condition.
In particular, if the initial condition is piecewise constant, then ergodicity would force the
limit to be constant in space.

In what follows we assume that the iteration is given by

Un41(2) = &ni1 (un(2)), fLH ~ GP (0, h(||z — 2'|)2)) i.id.

where h is a stationary covariance function. We therefore make the choice m =1 and F' = id
in (3) so that we are in the same setup as Damianou and Lawrence (2013); Duvenaud et al.
(2014); the inclusion of more general maps F' is discussed in Remark 5. Then for any

z,2’ € R we have
" N( <8> | (h(uum)h (—Oln@')nz) h(”un(x)hzoyn(x/)h)> >

(u;-i-l (z) )
U 41 (@)

A common choice of covariance function is the squared exponential kernel:

h(z) = o2 /2" (6)
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2

where 02, w? > 0 are scalar parameters. In Duvenaud et al. (2014), in the case m = d =

1, the choice 0?/w? = /2 is made above to ensure that the expected magnitude of the

derivative remains constant through iterations. We show in the next proposition that if

o2, w? are chosen such that 02 < w?/m, then the limiting process is trivial in a sense to be

made precise.

Theorem 4 Assume that h(-) is given by the squared exponential kernel (6) and that ug is
bounded on bounded sets almost-surely. Then if 0? < w?/m,

P(|lun(z) — un(a’)||2 — 0 for all z,2" € D) =1
where P denotes the law of the process {u,} over the probability space €.

Proof Since 1 — e ™ < z for x > 0 it follows that, for all z € R,

2h(0) — 2h(z) < 12,22

w?2

with equality when z = 0. Then we have

E(Hun(x) - un(x/)H%}un—l) = ZE(’U’%('@) - u%(x/)‘2‘un_1)

< m—g lup—1(x) = un—1(z")|3
and so using induction and the tower property of conditional expectations,

m0'2
Blun(2) ~ 1 )13 < ("2 )Ellinoa () — s (&)1

< (%) Bluote) — w13
< (mJQ)nn(m’)

w?2

for some constant x(z,z’). By the Markov inequality, we see that for any e > 0,

mU2 "
P(luale) ~ uale)a 2 ©) < 5 (25 ) ) )

and so, since 02 < w?/m, applying the first Borel-Cantelli lemma we deduce that
P (ﬂ U {llum(2) = um(2)ll2 > 6}> = 0.
n=1m=n

10
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We therefore have that

(e ole OlNe o]

P(llun(x) = un(2)]l2 — 0) (ﬂ U M llum(@) = um(a)l2 < 1/k}>

k=1n=1m=n

—1-p (U(ﬂ U (e —um(x’)szl/k}>)

n=1m=n

ZP (ﬂ U {llum(z) = wm()])2 > 1/k}> _

n=1m=n

Hence given any x,2’ € D, we can find Q(z,2’) C Q with P(Q(x,2’)) = 1 such that for any
w e Qz,2), ||un(z;w) — un(z’;w)||2 = 0. Let {g;} be a countable dense subset of D, and

define
= () Qe q),
1,jEN
noting that P(£2,) = 1. Then for any w € Q, and any z, 2’ € {¢;}, ||un(z;w) —un(z;w)[j2 —

0. Since sample paths are almost-surely continuous, the above can be extended to all
z,2 € D, so that

P(|lun(z) — un(z’)||2 = 0 for all z,2" € D) = 1.

Remark 5 1. If a more general transformation map F : R™ — D’ is included, then
the above result still holds provided we take 0% < w?/(||F'||om). The convergence to
a constant hence occurs when the length scale w is large or |[F'|oo is small (so each
Gaussian random field doesn’t change too rapidly across the domain), or when the
amplitude o is small (so inputs are not warped too far).

2. The condition of the above theorem is less likely to be satisfied as the width m of each
layer is increased, and so this triviality pathology is unlikely to arise for large m; this
may be observed in practice numerically.

3. Following Neal (1995); Duvenaud et al. (2014), recent works (such as Dai et al., 2015;
Cutajar et al., 2017) connect all layers to the input layer in order to avoid certain
pathologies. The Markovian structure of the process is maintained in this case: with
the above notation, the process is then defined by

Ups1(2) = Enp1(un (@), ), € ~GP(0,h(|z —2'|2)) i.i.d,

where now &, : R™ x R* — R™. Defining B = mo?/w? < 1, if 0 > 1 we may use the
same argument as the proof above to deduce that

E (|lun(2) = un(2")13]un-1) < Bllun-1(z) = un-1(a")lI3 + Bllz — 2|13,

11
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which leads to

1—p8"
2 2 2
Blun(2) — ua ()1} < 5"Eluo(a) ~ )1 + 8 (=5 ) o = I
The right hand side does not vanish as n — oo, and so we can no longer use the first
Borel-Cantelli lemma to reach the same conclusion as the case where the layers are not
connected to the input layer. This could provide some intuition as to why including the
connection of each layer to the input layer provides greater stability than not doing so.

3.2 Covariance Function

In order to study ergodicity of the deep Gaussian process defined through covariance func-
tions, we will restrict attention in the remainder of this subsection to hierarchies of finite-
dimensional multivariate Gaussian random variables as in (5). Note that although we have
here defined ug ~ N (0, Rg), following e.g. Paciorek (2003), the ergodicity of the deep Gaus-
sian process will be proved for fixed ug € RY (cf. Theorem 8). The following result is
immediate from Proposition 2.

Corollary 6 Let Assumptions 1 and 2 hold. Then the covariance matriz R(uy,) is positive
definite for all u, € C, for any compact subset of C C RY.

Note that, because we have chosen to work with a correlation kernel, we have
Tr(R(u,)) = N. (8)

We will use this fact explicitly in the ergodicity proof; however it may be relaxed as discussed
in the Remark 12 below.

We view the sequence of random variables {u,,}22, as a Markov chain, with ug € R¥
given, and we want to show the existence of a stationary distribution. Recall the one-step
transition kernel P of the Markov chain given by (1), and its n—fold composition given by
(2). In order to prove ergodicity of the Markov chain we will follow the proof technique of
Mattingly et al. (2002); Meyn and Tweedie (2012), which establishes geometric ergodicity
with the following proposition.

Proposition 7 Suppose the Markov chain {u,}>°, satisfies, for some compact set C €
B(RYN), the following:

(i) For some y* € int(C) and for any § > 0, we have

P(u, Bs(y*)) >0 for alluw e C.
(i) The transition kernel P(u,-) possesses a density p(u,y) in C, precisely
P(u, A) = /Ap(u,y) dy, forallueC, AecBRY)NB(C),
and p(u,y) is jointly continuous on C' x C.

12
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(iii) There is a function V : RN — [1,00), with limy o, V(u) = oo, and real numbers
a € (0,1) and B € [0,00) such that

E(V(upt1) |un) < aV(u,) + 8.

If we can choose the compact set C such that

C:{u:V(u)< 26 }

=3 "a

for some v € (\/a, 1), then there exists a unique invariant measure 7. Furthermore, there
is 7(y) € (0,1) and r(y) € (0,00) such that for all ug € RN and all measurable g with
lg(u)| < V(u) for all u € RN, we have

[EP"(0-)(g) — ()| < K1V (u).

We may verify the assumptions of Proposition 7 leading to the following theorem con-
cerning the ergodicity of deep Gaussian processes defined via the covariance function:

Theorem 8 Suppose Assumptions 1 and 2 hold. Then the Markov chain {uy,}22, satisfies
the assumptions of Proposition 7. As a consequence, there exists € € (0,1) such that for any
ug € RY, there is a K(ug) > 0 with

IIP"(uo,-) — 7|7y < K(1—¢)" foralln €N,
and so the chain is ergodic.

The proof rests on the following three lemmas, and is given after stating and proving
them. The first lemma shows that, on average, the norm of states of the chain remains
constant as the length of the chain is increased. The second shows that, given any current
state in RY and any ball around the origin in RY, there is a positive probability that the
next state will belong to that ball. The third lemma shows that the probability that the
Markov chain moves to a set may be found via integration of a continuous function over
that set.

Lemma 9 (Boundedness) Suppose Assumptions 1 and 2 hold. For all n € N, we have
E(Hun-&-lH% ‘ un) = N.
Proof Let n > 0. Since the random variable u,41|u, has zero mean, the linearity of
expectation implies (using (8)) that
N
E (s 1) = B( 3w

Jj=1

w,) = TH(R(u,) = .

for all n € N. [ |

13
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Lemma 10 (Positive probability of a ball around zero) Suppose Assumptions 1 and 2 hold.
For alluw € RN and § > 0, we have

P(u,B5(0)) > 0.

Proof We have the equality u,4+1|(u, = u) = /R(u)&,41 in distribution, where /R(u)
denotes the Cholesky factor of the correlation matrix R(u) and &,4+1 ~ N(0,Iy). Then

P(u,B5(0)) = P(lunll2 < 6 Jun—1 = u)
= P(|lVRWE1 ], < 9)
> P(|| VR /|gns1], < 9)
= B(|[gun, < o[ VRA[;")-

To show that the latter probability is positive, we need to show that 5H\/R(u)H2_1 > 0.

Since d > 0 is fixed, we only need to show H\/R(U)H2 < 00. Since H\/R(u)Hz = p(R(u)),
the spectral radius of R(u), we have

H\/IWHE = p(R(u)) < Tr(R(u)) = N.

The claim then follows. [ |

Lemma 11 (Transition probability has a density) Suppose Assumptions 1 and 2 hold. Then
the transition probability P(u, ) has a jointly continuous density p(u,y) for all w € C, for
any compact set C C RV,

Proof We have up41|(u, = u) ~ N(0,R(u)), and the existence of a jointly continuous
density of the transition probability in C' follows if R(u) is positive definite for all u € C.
The claim then follows by Proposition 2. |

We may now use the three preceding lemmas to prove the main ergodic theorem for deep
Gaussian processes defined through the covariance function.
Proof of Theorem 8 Lemma 10 shows that assumption (i) is satisfied, for any C' containing
y* = 0, and Lemma 11 shows that assumption (ii) is satisfied, for any compact set C. It
follows from Lemma 9 that assumption (iii) is satisfied, with V (u) = ||ul|3+1, any a € (0, 1)
and 8 = N + 1. Now choose « = 1/4 and v = 3/4 € (y/a, 1), so that the set

2
Y-«

o ={usvi < 2= (us ful < an +4)

is compact. Then there is a unique invariant measure m, and there is r(vy) € (0,1) and
k(y) € (0,00) such that for ug € RY and all measurable g with |g(u)| < V(u) for all
u € RY, we have

[P (%) (g) — m(g)| < w1V (uo). (9)

14
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Since V(u) > 1 for all u € RY, the above holds in particular for all measurable g with
llgllcc < 1. Taking the supremum over all such g in (9) yields the given total variation
bound, with K = kV(ug) and e =1 —r. [ |

Remark 12 (Covariance vs correlation kernels) In this subsection we have restricted our
attention to correlation kernels ps(||z; — xj|l2) and p(x;, xj;u,), rather than more general
covariance kernels

cs(lles — wjll2) = odps(la; — z]l2),
(@i, 55 un) = 0 (i3 un)o (25 un) p(Ts, T35 tn),
for stationary and non-stationary marginal standard deviation functions og € (0,00) and
o :R? — (0,00) respectively. This restriction is solely for ease of presentation; the analysis
presented readily extends to c(x;,xj;uy), under suitable assumptions on o. In particular
the analysis may be adapted to the case of general covariance kernels cs(||x; — x;||2) and
c(z;, ;3 un) under the assumption that there exist positive constants 0~ ,0" such that 0~ <
o(z) < o, for all z € R%. When general covariances are used then it is possible to ensure
that every multivariate Gaussian random variable in the hierarchy is of the same amplitude

by scaling the corresponding covariance matriz C(uy,) to have constant trace N at each
iteration n; the average variance over all points {xz}f\;l is then 1 for every n.

3.3 Covariance Operator

We consider the class of covariance operators introduced in section 2.3 and show that, under
precise assumptions detailed below, the iteration (ZeroMean) produces an ergodic Markov
chain. Unlike the previous subsection, where we worked on RY, here we will work on
the separable Hilbert space H = L?(D;R). To begin with, define the precision operators
(densely defined on H: Hairer et al., 2005; Pinski et al., 2015),

c-l=P,

Cil=P+FI,

Cu)™ ' =P+T(u), ucH,

and the probability measures

H— = N(07 C_),
Ky = N(Oa C+),
wu(-;u) = N(0,C(u)), ueH.

Throughout the rest of this section we make the following assumptions on C_ and F:

Assumptions 3 1. The operator C_ : H — H is symmetric and positive, and its eigen-
values {/\?} have algebraic decay /\32 = 77" for some r > 1.

2. The function F : H — R is continuous, and there exists Fix > 0 such that 0 < F(u) <
Fy for allu € H.

15
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Remark 13 1. The assumption on algebraic decay of the eigenvalues can be relazed to the
operator C_ being trace-class on H; however the arguments that follow are cleaner when
we assume this explicit decay which, of course, implies the trace condition. Note also
that, under the stated assumption on algebraic decay, Gaussian measures on L*(D;R)
will be supported on X = C(D;R) under mild conditions on the eigenfunctions of C—
(Dashti and Stuart, 2017) so that F(u(z)) will be defined for all z € D rather than x

a.e. in D. Then I'(u)v makes sense pointwise when v € X.

2. The assumed form of the precision operator together with Assumptions 8 mean that
the resulting family of measures {pu(-;u) tyep will be mutually equivalent. This allows
for the total variation metric between measures to be used, and a concise proof of
ergodicity to be obtained. If the measures were singular, a different metric such as the
Wasserstein metric would be required to quantify the convergence.

We now prove the following ergodic theorem for the deep Gaussian processes constructed
through covariance operators.

Theorem 14 Let Assumptions 3 hold, and let the Markov chain {u,} be given by (Ze-
roMean) with L(u) = C’(u)% as defined above. Then there exists a unique invariant distri-
bution m, and there exists € > 0 such that for any ug € H,

|P™"(uo, ) — 7|7y < (1 —¢)" for alln € N.
In particular, the chain s ergodic.

The following lemma will be used to show a minorization condition, as well as establish
further notation, key to the proof of Theorem 14 which follows it. It essentially shows a
stronger form of equivalence of the family of measures {u(-, u)}byep-

Lemma 15 Let Assumptions 8 hold. Then there exists € > 0 such that for any u,v € H,

du(-5u)
W(’U) Z e.

Proof The assumptions on F' mean that the measures p(-;u), p— and p4 are mutually
absolutely continuous, with

UL ) = e (= o))
Z(u) = E*- [exp < - %@, F(u)v>>] ;
;h;*(u) - zl+ exp < - ;@,Fw)),
Zy =EH- [exp ( - ;<'U,F+U>>].

16
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Observe that we may bound Z(u) < 1 uniformly in u € H since F' > 0. Additionally, we
have that

1 1
Z, > E#- [exp < - 2<U,F+’U>>]l|v”2<1:| > exp (— 2F+>u(|]v||2 <1)=:1e>0.

Note that ¢ is positive since H is separable, and thus all balls have positive measure (Hairer,
2009). It follows that

dp(-; ) dp(-; ) dpy , N7
dulsu) ) _ GGy ( (v >)

dps du— dup—
1

:Zmﬁm< Lo Fu @)xwa<;uﬂ@>
Zeexp<;<u(p;pxu»v>>

> ¢

since F; bounds F' above uniformly. |

Proof of Theorem 14 We first establish existence of at least one invariant distribution by
showing that chain {u,} is (strong) Feller, and that for each ug € H the family {P"(ug,-)}
of transition kernels is tight. To see the former, let f : H — R be any bounded measurable
function. We have that, for any v € H,

/f P(u, dv)
= [ 10 g e (= 0 F@0) ) u-fao),

Since F(u) < Fy it follows that Z (u) is bounded below by a positive constant, uniformly
with respect to u. Additionally F' is continuous and non-negative, and so the integrand
is bounded and continuous with respect to u. Hence given any sequence u®) = 4 in H,
we may apply the dominated convergence theorem to see that (Pf)(u®)) — (Pf)(u). The
function Pf is therefore continuous, and so the chain {u,} is strong Feller.

We now show tightness. The assumptions on the operator C_ : H — H imply that
it is trace-class, and so in particular compact. It is also positive and symmetric, and so
by the spectral theorem, admits a complete orthonormal system of eigenvectors {¢;} with
corresponding positive eigenvalues {)\JZ} such that )\? — 0. Given s > 0, define the subspace

H® C H by
ol = 3 150} < oo}.
i=1

7—[5:{067{

It is standard to show that H® is compactly embedded in H for any s > 0 (see for example
Robinson, 2001, Appendix A.2). By the Karhunen-Loéve theorem, any v ~ p_ may be
represented as

v = Z )\jfj@j, é—j ~ N(O, 1) ii.d.

J=1

17
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Hence, by the orthonormality of the {¢;} and the assumed decay of the eigenvalues, we have

that
o0
“(llvll3s) Z]QS)\Q ZjQS—T
j=1
and so
- 2 : ) r 1
: (HUHHS) < oo ifand only if s< 7" 5

Since r > 1 by assumption, we can always choose s > 0 such that this holds; fix such an s
in what follows. Observe that, for any n € N,

(E(llunllzes [un-1))

E
E (B¢ =) (||o]3))
E

([ 10l s e (= 30 Plana)0) ) -tao))

1
ZE“’(IIUH%J

M < .

(|unH7-ts

IN

We have bounded Z(u,—1) > Z; using that F(u,—1) < F;. Applying the Chebychev
inequality, we have for each n € N and R > 0

E (J|unl3) M
R2 = R2’

M
]P’(HunHHs <4/ ) >1— k.
K

P"(up, Ki;) > 1—k

B(|unllses > R) <

and so given any x > 0,

This can be rewritten as

where K, = {u € H | ||ullgs < /M/r} is compact in H, since H* is compactly embedded
in #; this shows tightness of the sequence of probability measures P™(uq, -). Since tightness
implies boundedness in probability on average, an application of (Meyn and Tweedie, 2012,
Theorem 12.0.1) gives existence of an invariant distribution.

Lemma 15 shows that {u,} satisfies a global minorization condition for the one-step
transition probabilities: for any ug € H and any measurable A C H,

du(-;uo)

P(uo,A) — ]E”(';“O)(]IA(U)) _ Eu+< .

<v>nA<v>) > ey (A).

Combined with the existence of an invariant distribution above, a short coupling argument
(Meyn and Tweedie, 2012, Theorem 16.2.4) gives the result with the same ¢ as above. W
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3.4 Convolution

The convolution iteration has the advantage that, through use of Fourier series and the law
of large numbers, its long time behaviour can be completely characterized analytically. We
consider the convolution as a random map on H = L?(D;C), D = (0,1)%. The iteration is
given by

Un41(2) = (Up * Epy1)(x) 1= /Dun(x —Yén+1(y)dy, &ny1 ~ N(0,C) iid. (10)

where we implicitly work with periodic extensions to define the convolution. We assume
that C is a negative fractional power of a differential operator so that it diagonalizes in
Fourier space; such a form of covariance operator is common in applications, as it includes,
for example, Whittle-Matérn distributions (Lindgren et al., 2011). For example, we may
take

C=(I=A)° D(=A) = H2y([0,1% C H,

in which case the samples &,+1 ~ N(0,C) will (almost surely) possess s fractional Sobolev
and Holder derivatives for any s < a — d/2 (see Dashti and Stuart, 2017, for details).
We choose the orthonormal Fourier basis
(Pk(w) — 627rik~x7 ke Zd,

which are the eigenvectors of C'; we denote the corresponding eigenvalues {Ai} Given u € H
and k € Z%, define the Fourier coefficient (k) € C by

(k) = (pg,u)p2 = / or(x)u(z) d.
D
Then it can be readily checked that for any u,v € H and k € Z¢,
(u*v) (k) = (k)i (k). (11)
We use this property to establish the following theorem.

Theorem 16 Let C : H — H be a negative fractional power of a differential operator such
that C' is positive, symmetric and trace-class, with eigenvectors {¢y} and eigenvalues {\3}.
Define the Markov chain {u,} by (10). Then for any up € H,

{0 |)\k’2 < 2e7

. N 2
fim fin (R) = 0o [Ak]? > 27

n—0o0

almost surely

where v ~ 0.577 is the Euler-Mascheroni constant. In particular, if |A\i|?> < 2€7 for all
k € Z%, then every Fourier coefficient of u, tends to zero almost surely and hence wu, — 0
in H almost surely.

Proof First observe that by the Karhunen-Loéve theorem, we may express &,11 ~ N(0,C)
as

Eni1 = D Mellp®h: Mg ~ N(0,1) Lid,
kezd
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and so, since {py} is orthonormal,

Env1(k) = Nt -

Then by the property (11), we see that for each k € Z¢ and n € N,

g1 (k) = 1 (k)Ens1 (k) = (k) Ntk (12)

where the second equality is in distribution. The problem has now been reduced to an
independent family of scalar problems. We can write 4, (k) explicitly as

i (k) = (k) ] Menje- (13)
j=1

Now observe that

2

i ()| = [0 ()1* T T 1kl
j=1

1 n
= |dio(k)[? = log (|Akl*njkl?
a0 (k)P exp | n n; og (|1 A?[n541%)

1 n
— laa (k)2 = 1 % + log [ Mg |? . 14
o (k)|“ exp | n njE_l og [njk|” + log | Ax| (14)

By the strong law of large numbers, the scaled sum inside the exponential converges almost
surely to E(log |11 /). This can be calculated as

5y = —y —log2.

E(log |71,k

If the bracketed term inside the exponential in (14) is eventually negative almost surely,
then the limit of |u, (k)|? will be zero almost surely. This is guaranteed when —y — log 2 +
log |M\i|? < 0, i.e. |[Ax]? < 2¢7. Similarly we get divergence if the bracketed term is eventually
positive, which happens when |A\;|? > 2¢7. [ |

Remark 17 It is interesting to note that we may take expectations in (12) to establish that
Elin (k)| = o (k)|? | A"

and so

0 <1
lim E|dn(k)|? = Al <1
n—oo o0 ‘)\k|2 >1

In particular, if |\e|? € (1,2€7), then |G, (k)|? converges to zero almost surely, but diverges
M mean square.
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Via a slight modification of the above proof to account for different boundary conditions,
we have the following result.

Corollary 18 Let D = (0,1) and let {u,} be defined by the iteration (10), where each &n11
is a Brownian bridge. Then u, — 0 almost surely.

Proof The Brownian bridge on [0, 1] has covariance operator (—A)~!, where
D(=£) = {u € Hy([0,1]) [u(0) = u(1) = 0}.

The result of Theorem 16 cannot be applied directly, since the basis functions {pg} do not
satisfy the boundary conditions. The eigenfunctions with the correct boundary conditions
are given by

3(x) = V3sin(jnz) = jﬁi«oj(x) @), =1

with corresponding eigenvalues a? = (7%52)~1. A Brownian bridge &,11 ~ N(0,(=A)71)
can then be expressed as

o0
Ent1 = Zajgn,jlbj, Cnj ~ N(0,1) iid.
j=1
by the Karhunen-Loéve theorem. We calculate

1 (k) = i (k)& (K)

(k)Y G {orr15)

J=1

I
<33

> 1
n(k) O"Cn,'i. < ) >_< ) —'>
jz::lj J\/ﬁz(@k‘% 9016903)

sgn(k)a

= '&n(k))\knn,ka nk ~ N(Ov 1)

Il
>

We can now proceed as in Theorem 16 to deduce that |u,(k)|> — 0 whenever [\z|? < 2¢7;
note that the correlations between 1, (k) and 4,(—k) do not affect the argument. Now
observe that [A\;|? = (272k%)~! < 1 < 2¢7 for all k, and the result follows. [ |

Remark 19 The preceding results also holds if we replace the Brownian bridge by a Gaus-
stan process with precision operator the megative Laplacian subject to Neumann boundary
conditions and spatial mean zero; the eigenfunctions are then

. 1 .
Ypi(x) = V2cos(jrz) = —(pj(x) +o_j(z)), j>1
V2
The argument is identical, except no sgn(k) term appears in .
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4. Numerical Illustrations

We now study two of the constructions of deep Gaussian processes numerically. In subsection
4.1 we look at realizations of the deep Gaussian process constructed using the covariance
function formulation, and in subsection 4.2 we perform similar experiments for the covariance
operator formulations. Finally we consider Bayesian inverse problems, in which we choose
deep Gaussian processes as our prior distributions; we introduce a function space MCMC
algorithm, which scales well under mesh refinement of the functions to be inferred, for
sampling.

For the composition construction, numerical experiments are given by, for example,
Damianou and Lawrence (2013); Duvenaud et al. (2014). We do not provide numerical
experiments for the convolution construction; Theorem 16 tells us that interesting behaviour
cannot be expected in this case.

4.1 Covariance Function

We start by investigating typical realizations of a deep Gaussian process, constructed through
anisotropic covariance kernels as in section 2.2. As the basis of our construction, we choose
a stationary Gaussian correlation kernel, given by

ps(r) = exp(—r?), r > 0.

The function F determining the length scale of the kernel p(-,-;uy) is chosen as F(z) = 22,
such that ¥(z) = (un(2))? Iy. Similar results are obtained with other choices of F' in terms
of the distribution of samples u,,. The choice of F' does, however, influence the conditioning
of the correlation matrix R(u,), and the choice F(z) = exp(x), for example, can lead to
numerical instabilities. As described in section 2.2, we will sample from the finite dimensional
distributions obtained by sampling from the Gaussian process at a finite number of points
in the domain D. To generate the samples, we use the command mvnrnd in MATLAB, and
when plotting the samples, we use linear interpolation.

In Figure 1, we show four independent realizations of the first seven layers uy, ..., ug,
where ug is taken as a sample of the stationary Gaussian process with correlation kernel
ps. The domain D is here chosen as the interval (0, 1), and the sampling points are given
by the uniform grid z; = %, for ¢ = 1,...,257. Each column in Figure 1 corresponds to
one realization, and each row corresponds to a given layer u,,, the first row showing ug. We
can clearly see the non-stationary behaviour in the samples when progressing through the
levels. We note that the ergodicity of the chain is also reflected in the samples, with the
distribution of the samples u,, looking similar for larger values of n.

Figure 2 shows the same information as Figure 1, in the case where the domain D is (0, 1)?
and the sampling points are the tensor product of the one-dimensional points x} = iG_—41, for
i=1,...,65.

4.2 Covariance Operator

We now consider the covariance operator construction of the deep Gaussian process. In order
to produce more interesting behaviour in the samples, we move away from the absolutely
continuous setting considered in section 3.3 by introducing a rescaling of C'(u) that depends
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Figure 1: Four independent realizations of the first seven layers of a deep Gaussian process,

in one spatial dimension, using the covariance kernel construction described in
subsection 2.2. Each column corresponds to an independent chain, and layers

up, U1, - -

., ug are shown from top-to-bottom.
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Figure 2: Four independent realizations of the first seven layers of a deep Gaussian process,
in two spatial dimensions, using the covariance kernel construction described in
subsection 2.2. Each column corresponds to an independent chain, and layers
ug, U1, - - - , Ug are shown from top-to-bottom.
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on u. This scaling is chosen so that the amplitude of samples is O(1) with respect to u. The
rescaled family can be shown to satisfy Assumptions 3, and a minorization condition as in
Lemma 15 can also be shown to hold when the state space is finite-dimensional. From this
we can deduce that the resulting discretized process will still be ergodic.

Assume D C R? and define the negative Laplacian —A on D(—A),

D(—A) = {u € H*(D;R) %(w) =0 for z € 8D} ,

where v is the outward normal to dD. Given a > d/2, o > 0, we define P = —A and
C(u)™" = o 2(P + D'(u))**T (u)¥?~(P + T (u))*/? (15)

where (I'(u)v)(x) = F (u(x))v(x). The scaling introduced is inspired by the SPDE represen-
tation of Whittle-Matérn distributions (Lindgren et al., 2011); if F(u) = 72 is chosen to be
constant, then modulo boundary conditions, samples from a centred Gaussian distribution
with covariance C'(u) are samples from a Whittle-Matérn distribution. In particular, 7 cor-
responds to the inverse length-scale of samples, and samples almost-surely have s Sobolev
and Hoélder and derivatives for any s < oo — d/2.

For numerical experiments, we take

F(u) = min{F_ + aebug,F+}

for some F,F_,a,b > 0. In particular, in one spatial dimension we take F, = 1502,
F_ =200, a = 100 and b = 2. In two dimensions, we take Fy = 1502, F_ = 50, a = 25
and b = 0.3. We take o = 4 in both cases, and choose ¢ such that E(u(aj)Q) ~ 1. These
parameter choices were made empirically to ensure interesting structure of the samples. In
order to generate samples at a given level, the negative Laplacian P is constructed using a
finite-difference method. Given u, the operator A(u) is then computed,

A(u) — aflI‘(u)d/‘l’a/Q(P—f—F(u))a/Q,

so that v ~ N(0,C(u)) solves the SPDE A(u)v = &, where £ is white noise.

In Figure 3 we show samples of the deep Gaussian process on domain D = (0, 1), sampled
on the uniform grid x; = ﬁ, fori=1,...,1001. We show 4 independent realizations of the
first seven layers of the process—each row corresponds to a given layer u,. The anisotropy
of the length-scale is evident in levels beyond ug, and the effect of ergodicity is evident, with
deeper levels having similar properties. Compared to the covariance function construction,
local effects are less prominent, though a greater level of anisotropy could potentially be
obtained by making an alternative choice of F(-). Figure 4 shows the same experiments on
domain D = (0,1)?, sampled on the tensor product of the one-dimensional points le = %,
fori=1,...,151, and the same effects are observed. Figure 5 shows the trace of the norm of
a DGP {u,} with d = 1, along with the running mean of these norms; the rapid convergence
of the mean reflects the ergodicity of the chain.

We emphasize that our perspective on inference includes quite general inverse problems,

and is not limited to the problems of regression and classification which dominate much of
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Figure 3: Four independent realizations of the first seven layers of a deep Gaussian process,

in one spatial dimension, using the covariance operator construction described in
subsection 4.2. Each column corresponds to an independent chain, and layers
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in two spatial dimensions, using the covariance operator construction described
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Figure 5: The trace of the norm of w, versus n for a 1000 layer DGP {u,} as in Figure 3.
The thick black curve shows the running mean of the norms.

classical machine learning; this broad perspective on the potential for the methodology af-
fects the choice of algorithms that we study as we do not exploit any of the special structures
that arise in regression and classification.

The deep Gaussian processes discussed in the previous sections were introduced with the
idea of providing flexible prior distributions for inference, for example in inverse problems.
The structure of such problems is as follows. We have data y € R’ arising via the model

y=6(u)+n (16)

where 7 is a realization of some additive noise, and G : X — R” is a (typically non-linear)
forward map. The map G may involve, for example, solution of a partial differential equation
which takes function u as input, or point evaluations of a function u, regression. In this
paper we will fix X = H~, writing u = (ug,...,un_1) € X; our prior beliefs on u will then
be characterized by the first NV states of a Markov chain of a form considered in the previous
sections. Note that the map G could incorporate a projection map if the dependence is only
upon a single state uy_1; indeed this is the canonical example—the variables (ug, ..., un_2)
are viewed as hyperparameters in a prior on the parameter uy_1.

4.2.1 ALGORITHMS

We now turn to the design of algorithms for the Bayesian inference problems of sampling u|y.
As already mentioned above, we are typically only interested in sampling the deepest layer
un—1|y. However, due to the hierarchical definition of ux_1 given all the components of u,
our algorithms work with the full set of layers u. Since the components of u are functions,
and hence infinite dimensional objects in general, a guiding principle is to design algorithms
which are well-defined on function space, an approach to MCMC inference reviewed by
Cotter et al. (2013); the value of this approach is that it leads to algorithms whose mixing
time is not dependent on the number of mesh points used to represent the function to be
inferred. For simplicity of exposition we assume that the observational noise 7 is distributed
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as N(0,T"); this is not central to our developments but makes the exposition concrete.
Recalling that the Markov chain defining the prior beliefs is given by (ZeroMean), we can
consider the unknowns in the problem to be the variables u = (ug,...,uny_1), which are
correlated under the prior, or the variables £ = (&o,...,&{n—1), where we define {, = uy,
which are independent under the prior. These variables are related via u = T'(£), where the
components of the deterministic map 7" : X — X are defined iteratively by

T1(&o,-- - €én—1) = &os
Trt1(&o,-- - én—1) = L(Th (b0, - - - éN-1))6n, n=1,...,N —1.

The data may then be expressed in terms of £ rather than u:

y=6E)+n=96(TF)+n (17)

where our prior belief on ¢ is that its components are i.i.d. Gaussians. To be consistent with
the notation introduced by Papaspiliopoulos et al. (2007); Yu and Meng (2011), (16) will be
referred to as the centred model and (17) will be referred to as the non-centred model. The
space H may be chosen differently in the centred and non-centred cases.

Associated with the two data models are two likelihoods: P(y|u) and P(y|£). Assuming
that the observational noise  ~ N(0,T") is Gaussian, where I' € R’*7 is a positive definite
covariance matrix, the likelihoods are given by

Pyl = s exp (= i), $(u) = 5Ty - 6w
P9 = 5 e (—BEw), B = oM - d@)

We may then apply Bayes’ theorem to write down the posterior distributions P(u|y) and
P(&ly):

P(uly) oc P(ylu)P(u) o< exp (= @(u; y))P(u),
P(&ly) o P(y|E)P(E) o exp (= D(&;y))P(&).

We know (Cotter et al., 2013) that it is straightforward to design algorithms to sample
P(£|y) which are well-defined in infinite dimensions, exploiting the fact that P(£) is Gaussian.
An example of such an algorithm given by Algorithm 1.

This algorithm produces a chain {€(®)},cy that samples P(£|y) in stationarity; and
{T(€%¥))}ren will be samples of P(u|y). By working in non-centred coordinates we have
been able to design this algorithm which is well-defined on function space. If we were to
work with the centred coordinates w directly, the algorithm would not be well-defined on
function space: in infinite dimensions, each family of measures {P(uy, |up—1) }u,, ,en Will typ-
ically be mutually singular, and so a proposed update v — 4 will almost surely be rejected.
To see why this rejection occurs in practice, in high finite dimensions K, notice that the
acceptance probability for an update u — @ will involve the ratios of the Gaussian densities
N(un;0,C(up—1)) and N(uy;0,C(l,—1)). These densities will decay to zero as the dimen-
sion K is increased, and their ratio will only be well-defined in the limit if the measures
are equivalent; consequently, the Markov chain will mix very poorly. Working with the
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Algorithm 1 Non-Centred Algorithm

1. Fix fo,...,Bn-1 € (0,1] and define B = diag(f;). Choose initial state €0 e X, and
set u® = T(¢0)) € X. Set k = 0.

2. Propose é® = (I — B2)7¢® + BV, ¢(®) ~ N(0,1).

3. Set £+ = () with probability

aj, = min {1, exp (‘P(T(&(k)); y) — (T(EW); y))} ;
otherwise set £F+1) = ¢(k),

4. Set k— k+ 1 and go to 1.

non-centred coordinates £, the prior does not appear in the acceptance probability and so
this issue is circumvented. Another advantage of using the non-centred coordinates is that
there is no need to calculate the (divergent) log determinants which appear in the centred
acceptance probability, avoiding potential numerical issues. These issues are discussed in
greater depth and generality by Chen et al. (2018). For the reasons set-out in that paper,
including those above, we have used only the non-centred algorithm in what follows. When
the forward model G(u) = Auw is linear, the non-centred algorithm can be combined with
standard Gaussian process regression techniques via the identity

P(duxly) = / B(duy [uy—1, y)P(dun_1]y).
X

The distribution P(duy|un—1,y) = N(my(un—1), Cy(un—1)) is Gaussian, where expressions
for my, Cy are known, and so direct sampling methods are available. On the other hand,
we have that P(yluy—1) = N(0, AC(un—1)A* +T'), and so we may use the non-centred
algorithm to robustly sample the measure

P(dun—1]y) = exp(—=¥(un-1;y))P(dun—-1),
1 1 ¥
Y(un-13y) = §Hy|’310(uN_1)A*+F + 5 logdet(AC(uy—1)A" + 1),

after reparametrizing in terms of £. This approach can be viable even when the data is
particularly informative so that ® is very singular—this singularity does not in general pass
to W. It is this approach that we use for the simulations in the following subsections. An
alternative approach not based on MCMC would be to use the non-centred parameterization
of the Ensemble Kalman Filter (Chada et al., 2018) which we have successfully implemented
in the context of the deep Gaussian processes of this paper, but do not show here for reasons
of brevity.

4.3 Application to Regression

We consider the application of the non-centered algorithm described above to simple regres-
sion problems in one and two spatial dimensions.
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4.3.1 ONE-DIMENSIONAL SIMULATIONS

We consider first the case D = (0, 1), where the forward map is given by a number of point
evaluations: G;(u) = u(x;) for some sequence {:L’j}jzl C D. We compare the quality of
reconstruction versus both the number of point evaluations and the number of levels in the
deep Gaussian prior. We use the same parameters for the family of covariance operators as
in subsection 4.2. The base layer ug is taken to be Gaussian with covariance of the form
(15), with I'(u) = 202.

The true unknown field u' is given by the indicator function uf = L(0.3,0.7), shown in
Figure 6. It is generated on a mesh of 400 points, and three data sets are created wherein
it is observed on uniform grids of J = 25, 50 and 100 points, and corrupted by white noise
with standard deviation v = 0.02. Sampling is performed on a mesh of 200 points to avoid
an inverse crime (Kaipio and Somersalo, 2006). 10° samples are generated per chain, with
the first 2 x 10° discarded as burn-in when calculating means. The jump parameters B are
adaptively tuned to keep acceptance rates close to 30%.

In these experiments the deepest field is labelled as wuy, rather than as uy_1 as in the
statement of the algorithm; this is purely for notational convenience, of course. In Figure
7 the means of the deepest field uy and of the length-scales associated with each hidden
layer are shown, that is, approximations to IE(UN) and E(F(uj)%) foreach j =0,...,N—1.
We see that, in all cases, the reconstructions of uf are visually similar when two or more
layers are used, and similar length-scale fields E(F(uN_l)%) are obtained in these cases.
The sharpness of these length-scale fields is related to the amount of data. Additionally,
when N = 4 and J = 100 the location of the discontinuities is visible in the estimate for
IE(F (uN,g)%), suggesting the higher quality data can influence the process more deeply.
When J = 50 or J = 25, this layer does not appear to be significantly informed. When a
single layer prior is used, the reconstruction fails to accurately capture the discontinuities.
Figure 7 also shows bands of quantiles of the values u(z) under the posterior, illustrating
their distribution; in particular the lack of symmetry and disagreement of the means and
medians show that the posterior is clearly non-Gaussian. Uncertainty increases both as the
number of observations J and the layer n in the chain is increased. Note in particular the
over-confidence of the shallow Gaussian process posterior: the truth is not contained within
95% credible intervals in all cases.

In Table 1 we show the L'-errors between the true field and the posterior means aris-
ing from the different setups. The errors decrease as the number of observation points is
increased, as would be expected. Additionally, when J = 100 and J = 50, the accuracy of
the reconstruction increases with the number of layers, though the most significant increase
occurs when increasing from 1 to 2 layers. When J = 25, the error increases beyond 2 layers,
suggesting that some balance is required between the quality of the data and the flexibility
of the prior.

In Figure 8 we replace the uniformly spaced observations with 106 randomly placed
observations, to illustrate the effect of very high quality data. With 3 or 4 layers, more
anisotropic behavior is observed in the length-scale field. Additionally, the layer un_o is
much more strongly informed than the cases with fewer observations, though the layer uy_3
in the case N = 4 does not appear to be informed at all, indicating a limitation on how deeply
the process can be influenced by data. The corresponding errors are shown in Table 1—as
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Figure 6: The true field used to generate the data for the one-dimensional inverse problem.

J | 1layer 2 layers 3 layers 4 layers

100 | 0.0485 0.0200 0.0198 0.0196
50 | 0.0568 0.0339 0.0339 0.0337
25 | 0.0746  0.0658 0.0667 0.0670

10% | 0.0131 0.000145 0.000133 0.000133

Table 1: The L'-errors ||uf —E(uy)|/1: between the true field and sample means for the one-
dimensional simulations shown in Figure 7, for different numbers of data points J
and layers V. Also shown are the corresponding errors for the simulations shown
in Figure 8

in the cases N = 50,100, more layers increases the accuracy of the mean, with diminishing
returns for each additional layer. Note that higher accuracy could be attained in the single
layer case by adjusting the constant length-scale parameter.

Finally, in Figure 9, we consider the same experiment as in Figure 7, except observations
are limited to the subset (0,0.5) of the domain. Uncertainty is naturally higher in the
unobserved portion of the domain. Uncertainty also increases in the observed layer uy
as N is increased; this could suggest that deep Gaussian processes may provide better
generalization to unseen data than shallow Gaussian processes—note that the truth has
much higher probability under the posterior with 4 layers versus just 1.

4.3.2 TwoO-DIMENSIONAL SIMULATIONS

We now consider the case D = (0,1)2, again where the forward map is given by a number
of point evaluations. We fix the number of point observations J = 2%, on a 2% x 2 uniform
grid. We again compare quality of reconstruction versus the number of point evaluations
and the number of levels in the deep Gaussian prior, and use the same parameters for the
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Figure 7: Estimates of posterior means (solid curves) and 5—95% quantiles (shaded regions)

arising from one-dimensional inverse problem. Number of data points taken are
J = 100 (top block), J = 50 (middle block), J = 25 (bottom block). From
left-to right, results for un, F(uN_l)%, F(uN_g)%, F('U,N_g)% are shown. From
top-to-bottom within each block, N =4,3,2,1.
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Figure 8: Estimates of posterior means (solid curves) and 5—95% quantiles (shaded regions)
arising from one-dimensional inverse }l)roblem, with J = 106 1data points. From
left-to right, results for uyn, F(un_1)2, F(un_2)2, F(un—_3)2 are shown. From
top-to-bottom, N =4,3,2,1.

family of covariance operators as in subsection 4.2. The base layer ug is taken to be Gaussian
with covariance of the form (15), with I'(u) = 20.

The true unknown field u! is constructed as a linear combination of truncated trigono-
metric functions with different length-scales, and shown in Figure 10 along with its contours.
It is given by

ul(z,y) = cos(2nx) cos(2my) + sin(4mz) sin(4my) 11 /4,3/4)2(2,y)
+ sin(8mz) sin(8my) L (1 /2,3/4)2 (2, Y)
+ sin(167x) sin(167y) L1 /4.1 /2)2 (2, Y)-

It is generated on a uniform square mesh of 2™ points, and two data sets are created wherein

it is observed on uniform square grid of J = 2'° 28 points, and corrupted by white noise
with standard deviation « = 0.02. Sampling is performed on a mesh of 2'2 points to again
avoid an inverse crime. 4 x 10° samples are generated per chain, with the first 2 x 10°
discarded as burn-in when calculating means. Again the jump parameters 3; are adaptively
tuned to keep acceptance rates close to 30%.

In Figure 11, analogously to Figure 7, the means of ux and of the length-scales associated
with each layer are shown, for N = 1,2,3. When J = 2! reconstructions are similar,
though quality is generally proportional to the number of layers. In particular the, effect of
too short a length-scale is evident in the case N = 1, in the regions where the length-scale
should be larger, and conversely the effect of too long a length-scale is evident in the cases
N = 1,2 in the region where the length-scale should be the shortest. In the cases N = 2,3,
the length-scale fields IE(F (u N—l)%) are similar, though in the case N = 3 more accurately
captures the true length-scales. When .J = 28 the reconstructions are again similar, though
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Figure 9: Estimates of posterior means (solid curves) and 5—95% quantiles (shaded regions)
arising from one-dimensional inverse problem. Number of data points taken are
J =100 (top block), J = 25 (bottom block). From left-to right, results for uy,

F(uN_l)%, F(uN_g)%, F(UN_g)% are shown. From top-to-bottom within each

block, N =4,3,2,1.
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Figure 10: The true field used to generate the data for the two-dimensional inverse problem.

J | 1layer 2 layers 3 layers
2101 0.0856  0.0813 0.0681
28 | 0.1310 0.1260 0.1279

Table 2: The L2-errors ||uf —E(uy)| ;2 between the true field and sample means for the two-
dimensional simulations shown in Figure 11, for different numbers of data points
J and layers N.

there is now less accuracy in the shapes of the contours. In particular, the effect of too
short a length-scale is especially evident in the case N = 1. The values of the reconstructed
fields in the area of shortest length-scale are inaccurate in all cases—the positions of the
observation points meant that the actual values of the peaks were not reflected in the data.
The fields E(F(u N_l)%) have similar structure to the case J = 219, though less accurately
represent the true length scales. The L2-errors between the means and the truth are shown
in Table 2

5. Conclusions, Discussion, and Actionable Advice

In this section we provide an overview of the advantages and disadvantages of each of the
four different DGP constructions considered in the paper, and summarize actionable advice
that can be taken from the theoretical and numerical results that have been presented. We
then outline a number of directions that would be interesting for future study.
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Figure 11: Estimates of posterior means arising from two-dimensional inverse problem.
(Top block) J = 2%, (Bottom block) J = 2%. From left-to right, E(uy),
E(F(uN_l)%), E(F(UN_Q)%). From top-to-bottom within each block, N =

3,2, 1.
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5.1 Comparison of Deep GP Constructions

We have considered four different constructions of deep GPs and we now discuss their rela-
tive merits. We also consider the context of variational inference which is popular in machine
learning primarily because of its tractability. We emphasize however that it forms an uncon-
trolled approximation of the true posterior distribution and may fail to adequately represent
the posterior distribution, and uncertainty in particular.

The composition construction is the classical construction introduced by Damianou
and Lawrence (2013), building a hierarchy of layers using a stationary covariance function
and composition. It has received the most study, and methods for variational inference have
already been established. It has the advantage of scaling well with respect to data dimension
d, however accurate sampling methods such as MCMC are intractable for large numbers of
data points, due to the requirement to construct and factor dense covariance matrices at
every step.

The covariance function construction builds the hierarchy using a stationary covari-
ance function, and iteratively modifying its associated length scale. It has the advantage
that each layer can be readily interpreted as the anisotropic length-scale field of the following
layer. Its scaling properties are similar to those of the composition construction, however
variational inference methods for this construction have not yet been studied.

The covariance operator construction builds the hierarchy using an SPDE representa-
tion of stationary Matérn fields, and again iteratively modifies their associated length scale.
It allows for fast sampling in low data dimension d via the use of PDE solvers, even when
the number of data points is large. Accurate sampling via MCMC methods is tractable with
this construction, due to the low cost of constructing and storing the inverse covariance
(precision) matrix. Inference when d is large appears to be intractable at present, due to
the requirement of dense meshes for PDE solvers.

Finally, the convolution construction builds the hierarchy via iterative convolution of
Gaussian random fields. It has the advantage of being amenable to analysis, however the
results of this analysis indicate that it would likely be a poor construction to use for inference
due to trivial behaviour for large depth.

To summarize the numerical results on illustrative regression problems from the previous
section, if the data is high quality, a small number of layers in the DGP will be sufficient
as the problem becomes closer to interpolation. Conversely, if the data is low quality the
likelihood is not strong enough to inform deeper layers in the DGP, and so a small number of
layers is again sufficient. As a consequence, when the data lies between these two cases, and
the truth has sufficiently rich structure, the use of deeper processes may be advantageous,
but care is required to limit the number of layers employed.

5.2 Summary and Future Work

There are a number of interesting ways in which this work may be generalized. Within
the context of covariance operators it is of interest to construct covariances C'(u) which are
defined as L™ with L being the divergence form elliptic operator

Lu= -V - (F(u)Vu).
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Such a construction allows for the conditional distributions of the layers to be viewed as
stationary on deformed spaces (Lindgren et al., 2011, §3.4), or to incorporate anisotropy in
specific directions (Roininen et al., 2014, §3.1). Similar notions of anisotropy in different
directions can be incorporated into the covariance function formulation by choosing the
length scale ¥(z) different to a multiple of the identity matrix. Additionally, we could
consider a non-zero mean in the iteration (GP), as considered by Duvenaud et al. (2014);
Salimbeni and Deisenroth (2017), allowing for forcing of the system. For example, with the
choice m(u,) = u, and a rescaling of the covariance, we obtain the ResNet-type iteration

Unt1 = Up + / DEL(up)Ent1-

This may be viewed as a discretization of the continuous-time stochastic differential equation
du = L(u)L(u)"dW,

analogously to what has been considered for neural networks (Haber and Ruthotto, 2017).
Study of these systems could be insightful, for example deriving conditions to ensure a lack
of ergodicity and hence arbitrary depth. As before T denotes the adjoint operation.

And finally it is possible to consider processes outside the four categories considered
here; for example the one-step transition from u, to u,4+1 might be defined via stochastic
integration against i.i.d. Brownian motions.

We have shown how a number of ideas in the literature may be recursed to produce deep
Gaussian processes, different from those introduced by Damianou and Lawrence (2013). We
have studied the effective depth of these processes, either through demonstrating ergodicity,
or through showing convergence to a trivial solution (such as 0 or co). Together these results
demonstrate that, as also shown by Duvenaud et al. (2014) for the original construction
of deep Gaussian processes, care is needed in order to design processes with significant
depth. Nonetheless, even a few layers can be useful for inference purposes, and we have
demonstrated this also. It is an interesting question to ask precisely how the approximation
power and effective depth are affected by the number of layers of the process, both in the
non-ergodic case, and in the ergodic case before stationarity has been reached.

We also emphasize that the analysis in the paper is based solely on the deep Gaussian
process uy, and not the conditioned process uy|y in the inference problem with observed
data y. The ergodicity properties of u, do not directly carry over to wu,|y. As we have
seen in the numerical experiments, the number of layers required in the inference problem
in practice depends on the information content in the observed data y, and the analysis in
this paper does not fully answer the question as to how many. The results in this paper do
show, however, that in the case of ergodic constructions, the expressive power of the prior
distribution in the inference problem does not increase past a certain number of layers. This
provides some justification for using only a moderate number of layers in a deep Gaussian
process prior in inference problems.

There are interesting approximation theory questions around deep processes, such as
those identified in the context of neural networks by Pinkus (1999). There are also interesting
questions around the use of these deep processes for inversion; in particular it seems hard
to get significant value from using depth of more than two or three layers for noisy inverse
problems. On the algorithmic side the issue of efficiently sampling these deep processes

39



DUNLOP, GIROLAMI, STUART AND TECKENTRUP

(even over only two layers), when conditioned on possibly nonlinear observations remains
open. We have used non-centred parameterizations because these may be sampled using
function-space MCMC (Cotter et al., 2013; Chen et al., 2018); but centred methods, or
mixtures, may be desirable for some applications.
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Appendix A. Proofs for Section 2

Proof of Proposition 1 The stationary kernel pg is positive definite by Assumption 1,
and so by (Wendland, 2004, Theorem 7.14), we have

ps(r) = /Ooo exp(—r?t)du(t) for all 7 € [0,00),

for a finite, non-negative Borel measure v on [0,00) that is not concentrated at 0 (i.e. it is
not a multiple of the Dirac measure centred at 0).

For any z € R% and ¢ € [0,00), let us now define the matrix ¥;(x) := (4¢)~'¥(z) and
the functions

1 1 _
Kea®) = e e (= 3o = 5o e =),

Here | - | denotes determinant and so the preceding is simply an expression for a normal
density with mean z and covariance matrix ¥;(z) when t > 0; at ¢ = 0, we simply have
K;1(2) =0, for all 2,z € R%. Then p(x,2’) is given by

2 %) |1 [3(2)] 28 5(2) [ H[S@)5 [ ,
1 Qz,2') | = 7 exp ( —tQ(x,2")) duv(t
sy st (VAE) = SN ) e (@

oy (252 o
|

= 28 ” [Edz) it(x,)ﬁ ex —}x—x/ x x - x—a v
-7 /O |it(x)—|—it(m’)]% p< 2( )T<Et( )+ 2l )) ( ))d (t)

/oo IS(@)|F[S0(@) T [ Kop(2) Ko o(2) dz du(t),
0 R4

where in the last step, we have used the fact that the convolution [pq Kz ¢(2) Ky 4(2) dz can
be calculated explicitly using properties of normal random variables. More precisely, we
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have

de,X’(Z —x,z)dz,

/ Kx,t(Z)Km/,t(z)dz_/

R4 R

px(e— oz dz = [

R

where px is the density of X ~ N(0,%4(z)), px+ is the density of X’ ~ N (2, ¥;(z')) and X
and X’ are independent. The change of variable from X, X’ to W, X', where W = X' — X,
has Jacobian 1, and so

/pxyxl(zx,z)d,z:/ pmxl(z(zx),z)dz:/ pw x(z,2)dz = pw(z).
R4 R4 R4

Since W = X’ — X ~ N(a',%(z) + X¢(2')), we hence have

/ Kx,t(Z)Ka:’7t(Z) dZ
Rd

1 1 —1
- d = = T exXp < - i(x — HZ’I)T (Et(l') + Et(a}/)) (g} — x/)>,
(2m)2 S () + Xe(a)]2
as required.
Now, for any b € RY and pairwise distinct {x;}}¥, we then have

N N

i=1 j=1

i o & 0 ~ 1 ~ 1
=02t S bty [ [ ) K2 () )

i=1 j=1

0o N 5 1 2
~entat [T ] (;bizxw m<z>) dzdu()
>0

?

since the Borel measure v is finite and non-negative. It remains to show that strict inequality
also holds.

Firstly, we note that |20($i)’% 2.0(2) = 0, for all 7;,z € RY, which means that the
integrand with respect to t is identically equal to zero at t = 0. Secondly, we note that
the points {x;}}¥, are pairwise distinct and the functions {|f3t(xz)]iKmlt()}f\L , are hence
linearly independent for any ¢ € (0,00). It is thus impossible to make the integrand with
respect to z identically equal to 0 for a.e. z € R% As a consequence the integrand with re-
spect to ¢ is positive for all ¢ € (0, 00). Since we know that the measure v is not concentrated
at 0 this completes the proof that p is positive definite on R¢ x R¢, for any d € N.

Finally, we note that the kernel p is clearly non-stationary, and is a correlation function
since p(z,z) = 1, for any = € RY. [ |

Proof of Proposition 2 We note that the definition of positive definite in Assumptions
1(i) refers only to behaviour of the kernel on a finite set of pairwise distinct points {xz}f\il
By Assumption 2(i), the function G is non-negative and bounded. If G(z) > 0 for all z € R?,
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then the matrix Y(z) is positive definite for all z € R?, and the fact that p(-,-) is positive
definite follows directly from Proposition 1.

It remains to investigate the case where G(z) = 0 for some z € R% We will prove
that p(-,-) is positive definite by showing that the correlation matrix R, with entries R;; =
p(w;, ), is positive definite for any pairwise disjoint points {z;} ;. Without loss of gener-
ality, we will study the case G(z1) = 0; the proof easily adapts to the case where G(z;) = 0,
for i # 1. To define p(x1,x;) in this case, we start by assuming G(z1) > 0,G(z;) > 0, and
then take limits.

With X(z) = G(z)1y, we have

1
¥(w1) + E(%’)) (21— ;)

Qary) = (a1 = )1 (2

= 2l — 5 B (Cl) + Cap)

where || - ||2 is the Euclidean norm, and

e

zidet(z(xl))idet(z(xj))i:< 4G (21)G(x;) )
det(S(xz1) + B(x;))? (G(z1) + G((x)))

We now study separately three cases:

i) x; = x1: we have

d
lim AG(@1)G(@1) 5 " fm 1- 1, (18)
G(x1)—0 (G(xl) 4 G(ggl)) G(x1)—0

and so using the algebra of limits, the continuity of pg, (18) and the fact that pg(0) = 1,
we have

li = 1 = =1.
G(xllr)ﬂﬁop(:cl,a:l) G(JSLOpS( Q($1,$1)> ps(0)

ii) z; # x1 and G(z;) > 0: we have

odm Q) =2l - ay[3(G()

and

4 Do\!
lim Glr)Glz;) -] =o. (19)
G(z1)=0 \ (G(z1) + G(z;5))
Thus, using the continuity of pg, together with (19) and the algebra of limits, we have

li ;) = 0.
o, P@1 2i)
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iii) z; # x1,G(z;) = 0: we obtain

lim T1,T;) = 00,
G(m),G(zj)aOQ( 1)

which by Assumptions 2(ii) implies that

lim ps< Q(a:l,a:j)) =0.

G(Il),G(I])—)O

Since (a + b)? > 4ab for any positive numbers a and b, we have

0<< 1G(@1)G(ay) >3<1’
~\(Gx) +G((z))?)

for any G(z1) > 0,G(z;) > 0, and hence

li ;) = 0.
G(xl),g&j)eop(xl z5)

Hence, when G(x;) > 0, for i = 2,..., N, we have limg(,,)o R = R*, where the matrix
R* has the first row and column equal to the first basis vector e; = (1,0,0,...,0) € RV,
and the remaining submatrix RY%,_; € RN "1XN=1 with entries p(z;, x;), for i,j =2,..., N.

The matrix R},_; is positive definite by Proposition 1, from which we can conclude that R*
is positive definite also. A similar argument holds when G(z;) = 0 for one or more indices
i€{2,...,N} m
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