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GAUSSIAN APPROXIMATIONS OF SMALL NOISE DIFFUSIONS IN
KULLBACK-LEIBLER DIVERGENCE*
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Abstract. We study Gaussian approximations to the distribution of a diffusion. The approxi-
mations are easy to compute: they are defined by two simple ordinary differential equations for the
mean and the covariance. Time correlations can also be computed via solution of a linear stochastic
differential equation. We show, using the Kullback-Leibler divergence, that the approximations are
accurate in the small noise regime. An analogous discrete time setting is also studied. The results
provide both theoretical support for the use of Gaussian processes in the approximation of diffusions,
and methodological guidance in the construction of Gaussian approximations in applications.
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1. Introduction
Consider the stochastic differential equation (SDE)

dve(t) = f(v(t))dt+VexdW (t), t€[0,T], v (0)~ . (1.1)

Here, and throughout, the time-horizon T'> 0 is finite and fixed, the drift f:RP —RP
is nonlinear in the case of interest, ¥ is a positive-definite matrix for simplicity assumed
to be constant, and dW is a standard D-dimensional Wiener process. Assume that the
paths v¢ are continuous, and let u¢ be the law of v¢ in C([0,7],R”). We show that in
the small € regime —corresponding to small diffusion coefficient and little uncertainty
in the initial condition— p© can be accurately approximated by a Gaussian measure v*
in C([0,T],RP), whose mean function and marginal covariances satisfy simple ordinary
differential equations (ODEs). Precisely, we show that the Kullback—Leibler divergence
Dyr, (v€||1€) is of order e. We investigate the effect that numerically approximating these
ODEs has on the approximation of u¢. Finally, we construct —and show the accuracy
of— Gaussian approximations to Euler-Maruyama discretizations of equation (1.1).
We aim to provide a rigorous justification of Gaussian process approximations of
small noise diffusions. The use of Gaussian processes is now pervasive in applications
[15]. However, Gaussian assumptions are often used for algorithmic and mathematical
convenience without much theoretical support. An example of this is in the field of
data assimilation, where many algorithms invoke Gaussian approximations in order to
apply Kalman formulae [8]. The paper [1] suggests a variational approach to computing
Gaussian process approximations to posterior measures arising from discretely observed
diffusions. The algorithm proposed aims to minimize the Kullback-Leibler divergence
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between the Gaussian process and the posterior of interest. In [14], the authors study
the well-posedness of the abstract problem of finding the best (in the Kullback—Leibler
sense) Gaussian approximation v to a measure u. They use a nonconstructive calcu-
lus of variation approach. In the complementary paper [13], the authors propose an
algorithm that allows numerical computation of such best approximation. The paper
[11] seeks the best Kullback-Leibler Gaussian approximation to the distribution of con-
ditioned diffusions arising in molecular dynamics. Here our interest is not in finding
the best Gaussian approximation, but in constructing Gaussians that can be proved to
approximate accurately the distribution of a small noise diffusion. The Gaussian approx-
imations are built using certain linearizations of the drift. Crucially, the time-marginals
of our approximations can be found by solving (perhaps numerically) two simple ODEs,
which can be advantageous over numerically solving the full Fokker—Planck equation.
Our computable Gaussian approximations and error bounds are of potential interest in
filtering signals arising from small noise diffusions, for instance within the methodology
in [10].

The paper is organized as follows. Subsection 1.1 sets the mathematical framework,
and introduces the ODEs that will be used to define the means and covariances of the
time-marginals of our approximations. Subsection 1.2 gives some background on the
Kullback—Leibler divergence. Subsection 1.3 motivates the choice of the ODEs. Section
2 studies the approximation of the SDE using a Gaussian whose time-marginals mean
and covariance satisfy the ODEs given in Subsection 1.1. In Section 3 we investigate the
effect that numerically solving the ODEs has on the quality of the resulting Gaussian
approximation. Finally, Section 4 studies the approximation of Euler discretizations of
equation (1.1) via Gaussians with means and covariances defined through discretization
of the ODEs.

Notation. We denote by |-| the standard inner product in RP. For positive-
definite P € RP*P we denote |-|p:=|P~1/2-|. Subscripts in path measures will denote
time-marginals. Thus, for a measure p in C([0,7],R?) and 0 <t < T, we denote by ji; the
push-forward measure in R? via the evaluation map E;(h):=h(t), h€ C([0,T],RP). In
the discrete setting, given a path measure pig.; in RP*+D and 0<j <k, w5 will denote
the push-forward measure in R? via the evaluation map E;: (vd)gz(’fﬂ) e RDPGA+D)
(vj+a)P_; €RP. A subscript d in a function or vector denotes, as usual, component and
coordinate. Superscripts highlight parameters of interest in the analysis.

1.1. Mathematical framework. ODEs for mean and covariance. We work
under the following assumption (recalling that 7' is fixed and finite):

ASsUMPTION 1.1. fE€C*RP . RP) and there exist ¢>0 and s€N such that, for
1<d< D, and every multi-index o with |a| =2, [0% fa(u)| <c(14|ul®). Moreover, for
any mo €RP ., the ODE

%:f(m), te[0,T]), m(0)=mgeRP, (1.2)

together with the SDE (1.1), have a unique solution with no explosions.

Equation (1.2), or discretizations thereof, will be used to define the mean of our
Gaussian approximations. The covariance of the time-marginals will be given by C¢ =¢eC
where

% =Df(m)C+CDf(m)T+%, t€[0,T], C(0)=CoeRP*P, (1.3)
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or discretizations thereof, and where Cj is a given positive semi-definite matrix —see
Remark 1.1. This equation has a unique solution on [0,7] under Assumption 1.1.

It is intuitively clear that, for small €, the solution v¢={ve(t)}o<i<r of equation
(1.1) is close to the deterministic solution m={m(t)}o<i<r of (1.2). In Section 2 we
show that, for small €, the law of v¢(t) is approximately Gaussian with mean m(t) and
covariance C¢(t) =eC'(t). More precisely, the error in this approximation, measured in
the Kullback—Leibler divergence, is of order e¢. Indeed we show more: the law p¢ of the
paths v¢ can be approximated by a Gaussian measure v in C([0,T],R¥). Subsection
1.3 shows that the choice of m as the mean of the Gaussian approximation is crucial. If
any other function is chosen as mean, the Kullback—Leibler error remains of order 1.

REMARK 1.1.  Our results will cover two possible initializations of the SDE (1.1).
First, deterministic initial condition v¢(0) =wy, corresponding to pu§=7Jd,,. In this case
equations (1.2) and (1.3) should be initialized with mg=wvg and Cy =0, corresponding
to the same Dirac measure. Second, where y§ has positive Lebesgue density in R, and

Dy, (N(mo,GCO)H,ug) is of order e.

REMARK 1.2. In Sections 3 and 4 we discretize equations (1.2) and (1.3) with step-
size At. Assumption 1.1 and the convergence of the methods employed imply that, for
all sufficiently small At, the discretized means and covariances are uniformly bounded.
That is, there is M > 0 such that, for all sufficiently small At, |m{?t|, |C2t < M, provided
that 0 <kAt<T.

1.2. Background on Kullback—Leibler divergence. Let v and p be two
probability measures on a measurable space (X,X). The Kullback—Leibler divergence
(also known as relative entropy) of v with respect to p is given by

D (v|p) ::]E”log(j—Z)
if v is absolutely continuous with respect to p, denoted v < p, and Dy, (v||p) =00 oth-
erwise. The Kullback-Leibler divergence satisfies Dy, (v||r) >0, but it is not a metric
on the space of probability measures since it may not be finite, it is not symmetric, and
it does not satisfy the triangle inequality. However, it does quantify the proximity of
the measures v and u. For instance, it provides an upper bound on the total variation
distance

drov (v, 1) ::SUP{|V(A) —n(A)]: A€ X}
via Pinsker’s inequality [12]
dov (Vs ) SDKL(V||N)1/2~ (1.4)

We will use the chain rule for Kullback—Leibler divergence [3], which is well known
in information theory. We recall it in the next lemma. The result underlies the proof
of Lemma 4.1, which is analogous to the continuous time result Lemma 2.1.

LEMMA 1.1. Let X andY be Polish spaces and v and p be probability measures on the
measurable space (X XY, F). Denote by v, and p, the first marginals of v and p and
let v(dy|x) and u(dy|z) be stochastic kernels on'Y given X for which, for Ax BE€ F,

V(AXB):/AV(B|$>V$(CZ$>7 /L(AXB)ZAM(B|.Z‘)/L$(CZ$).
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Then,

Di.(v[|1) = Dicv.(Valpa) + B Dy (v (-|2) |- | 7)) - (1.5)

The non-negativity of the Kullback—Leibler divergence and equation (1.5) imply that
any two corresponding marginals are closer in Kullback—Leibler than the full measures,
ie.

DKL(”EHNI)SDKL(V”H)- (16)

The chain rule is powerful when studying the approximation, by a Gaussian measure
v, of a non-Gaussian measure y for which p(-|z) is Gaussian: the structure in equation
(1.5) allows exploitation of the Gaussianity of the kernels v(-|x) and p(-|2). This will
become apparent in Section 4, Lemma 4.1.

1.3. Large deviations and the choice of mean. Small noise diffusions have
been extensively studied using large deviations. An early and fundamental result in the
theory can be found in the first edition of [5], where it was shown that the collection
{v°,e€(0,1)} defined by equation (1.1) with initial condition v¢(0) =wvy satisfies a large
deviation principle on C([0,T],RP) with rate function

I(p):= infw {;AT|u(t)2dt}, (1.7)

where

Uyp:= {ueL%[O,TLRD):so(t>=vo+/0Tf(so<s>)ds+ﬁ/;ucs)ds},

for absolutely continuous ¢ with ¢(0)=wvg, U, =0 for all other p€C([0,T],RP), and
the infimum over the empty set in definition (1.7) is taken to be cc.

It follows from the definition of the rate function I in definition (1.7) that I(p)=0
iff the zero function =0 is in U,. This holds iff ¢ is the solution to the ODE (1.2)
with initial condition ¢(0) =wvg. In a very rough sense, this implies that the probability
of v lying in a small tube centered around any function other than the solution to the
ODE decays at least exponentially as e — 0. That is, for small §,e >0, we have, as € — 0,

P(v° € B;(¢)) %Xp<_f<w>)

€

where Bs(p) denotes the ball (in the supremum norm) of radius § >0 and center p €
C([0,7],RP).

Combining the large deviation result and the Markov inequality we obtain the
following:

LEMMA 1.2.  Let pu€ be the law in C([0,T],RP) of v¢ given by equation (1.1) with
initial condition v¢(0) =vg. Consider a Gaussian measure v¢ in C([0,T],RP) with mean
m e C([0,T],RP) and time-marginal covariances C(t)=eC(t). Then, unless m is the
solution to equation (1.2) with initial condition m(0) =vo we have, as € —0,

Aoy (V5 1) = 1.
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Note that this lemma and Pinsker’s inequality (1.4) imply that the Kullback-Leibler
divergence remains at least order one in the small € limit, unless m solves equation (1.2).

The analysis in [5] also shows that, asymptotically, the rescaled fluctuations of the
process v¢ around its mean follow a Gaussian process. These asymptotic normality is
fundamental in the study of small noise diffusions, e.g. [9]. We will give explicit bounds
that further justify the use of Gaussian process approximations for sufficiently small e,
and we will extend the analysis to discrete settings.

2. Gaussian approximation of SDEs via ODEs
Let v be the law of [¢ defined via the linear SDE

dI*(t) = (f(m(t)) +Df(m(t)) (I(t) —m(t)))dH@dW(t), 1(0) ~ N (0, €Ch).
(2.1)
The main result of this section is Theorem 2.1 below. It shows that, for small e,
the Gaussian measure v¢ accurately approximates u€, the law of v¢ given by equation
(1.1). The proof is based on two observations. First, that v has time-marginals v§ =
N (m(t),C<(t)), where m solves the ODE (1.2), and C*=eC with C solving equation
(1.3). Second, the following lemma:

LEMMA 2.1.  Let g;(-):RP? = RP be an affine function defined by
gu(l)=a(t)+ BO)!

for some continuous functions a:[0,T]+—RP and B:[0,T)+RP*P. Let v§< s, and
let € and v be the laws in C([0,T],R) of v¢ and I given by

dv® = f(v°)dt+ Ve dW, v(0)~ ug,
dl€ = g, (19)dt + VeSdW,  15(0) ~ v,
Then

€ll,,€ €|, € 1 ve T
Dier (v¥[|1) = Drcw (15 1115) + 5 / f(v) = g:(v) |5 dt.
0

Proof.  We apply Girsanov’s theorem in the form of Theorem 11A of [4], similarly
as in Lemma 5.2 of [6]. Because equation (1.1) is assumed to have no explosions in the
time-interval [0,7] the density of u¢ with respect to Wiener measure exists. Indeed the
two measures are equivalent, and the density is given by the usual Girsanov formula.
Furthermore v¢ defines a Gaussian measure, equivalent to Wiener measure. Dividing
the densities of v and p¢ with respect to Wiener measure gives

dv® dv§ 1 /T 1 [T
=22 eo)en(t [ aw -5 [ lnwB -0 ).
Therefore,
€|, € ve dve €ll,,€
Dy (1) = log () = Dic () + 1

where using the martingale property of Ito’s integral

I= %IE”E (/OT(gt(v) — f(v),dv)s —;/OT|9t(U)|2Z - |f(”)|%dt>
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T

L5 ([N - s vSaws + [150)-aw)ka)

1

T
=52 [ w-awhae

THEOREM 2.1. Suppose that Assumption 1.1 holds. Let p¢ and v¢ be the laws ZE
C([0,T),RP) of, respectively, v¢ given by equation (1.1) and I¢ given by equation (2.1).
Then there is ¢ >0 such that, for all € sufficiently small,

Dier, (v 1) < Dier (v || 115) + ce.
Moreover, for t€[0,T],

Dier, (v || 15) < Dicr (5| 15) +ce,
where v and p§ denote the time-marginals of v¢ and p¢ at time t.

Proof.  If 1§ is not absolutely continuous with respect to puf, then Dy, (v§||p§) = o0

and the result is trivial. Thus we assume that absolute continuity holds. Through-
out the proof ¢ denotes a positive constant which is independent of all sufficiently

small €, and may vary from line to line. As noted before, v° has time-marginals
vy =N(m(t),C(t)) with C*=eC. This, combined with Lemma 2.1 with the choice

g:(+) ::f(m(t)) +Df(m(t)) ( fm(t)), gives
T
D V") = Dua i)+ 3 [ BN OO ) g o). (22)

Recall Taylor’s formula with reminder

—m e 1
(f(u) = ge(w),=2 > %/ (1=1)20*fa(m+t(u—m))dt, 1<d<D,

|a|=2 0

to deduce, using Assumption 1.1, that

1
|(f<u>—gt<u>)|§c|ufm|2/0 14 fm e+ t(u—m) * dt

S
§cZ|u—m\T+2.
r=0

Thus,
f(u)—ge(w) <ed_Ju—m[ (2.3)
r=0
Combining equation (2.2) with inequality (2.3) and using that C¢=¢C yields, for all €
sufficiently small,

€|, € €ll,,€ 1 T m €
D (v* || )ZDKL(VoHMo)ﬂLQ*e/O EN (OO f(v) — gy (v)[ St

T s
< Dycr (v 11) + = / ENmO-CH N () —m() [P dt

€ 0 r=0

c T ; r+2
< Dua (05llf) +  gmax [ (EYOC O () ~m(v)?) " at.

€0<r<s /g

< Dier. (5| 15) +ce,
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which completes the proof of the first claim. The bound for the marginals then follows
from inequality (1.6). d

REMARK 2.1. It is not difficult to see that if f is linear then
Dier (V]| 1) = Dicr (v5 ]| 16) -

This is the well-known Kullback—Leibler stability of the Fokker—Planck equation with
respect to initial conditions, of which a more general version can be found in [2].

3. Gaussian approximations of SDEs via discretized ODEs

In this section we study the approximation of u¢, the law in C'([0,7],R”) of v¢ given
by equation (1.1), by a Gaussian v“*. The path measure v>*! will be constructed so
that the means and covariances of the time-marginals are given by numerical approx-
imations with step size At to the ODEs (1.2) and (1.3), respectively. For simplicity,
we study the effect of discretizing the ODEs with the Euler method, but the results
extend with no effort to other Runge-Kutta methods and numerical schemes. Theorem
3.1 below bounds Dy, (vA*||11€) in terms of € and the step-size At.

We now spell out the construction of the measure v“*. Given an integer K >0, let
At=T/K and define, for 1 <k <K,

A A A A
miyy=mpt HALf (mi), mgt =mo,

3.1
it i=Opt+ 8t (DFmECR +CRDFmENT +3),  Ci=Co. -1

Let ¢, =kAt,0<k < K, and define piecewise linear functions m* and C2* in [0, 7]
by interpolation. That is, for ¢ € (t,tx11),

mA () s=mit + (=) f(mi"),

CAY(t) = CP + (t—ty) (Df(m,ff)c,ft+c,§tpf(mﬁt)T+z). (3.2)
Finally, we let vt be the law of [%?? defined via the piecewise linear SDE
dISAt = gA 19BN dt+VesdW,  192(0) ~ N (mo,eCy), (3.3)
with
9ot ()= f(me" )+ Df(mgt) (- —mBU (1), t€ (trsthsa)- (34)

By construction v“! has time marginals v;">" = N (m?!(t),C24(t)) with m”' and
CAt .= eCAt defined by expression (3.2).

REMARK 3.1. For fixed At >0, m®t#m except in trivial cases. Thus, by Lemma 1.2
it is necessary to let At depend on € in order to have accurate approximations vt of
1€ in the limit € — 0.

THEOREM 3.1.  Suppose that Assumption 1.1 holds. Let u¢ be the law in C([0,T],RP)
of v¢ given by equation (1.1), and let vt be as above. For K €N let At=T/K. Then
there is ¢ >0, independent of all sufficiently small At and €, such that

At)?

c .

Dt (8 1) < Dy (v ™ 115) e+
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Moreover, forte(0,T],

D VAN AT <D €At € (At)2
ke (V4 Hﬂt)f KL(VO HM())“FCG-FC P

e, At €

A .
where v; and py ! denote the marginals of 52

t

and pS™t at time t.

Proof. Throughout the proof c¢ is a positive constant that may change from line
to line, and is independent of all sufficiently small € and At. We recall that 192t =
N(mAt,C%A) is the law of the SDE (3.3). This, combined with Lemma 2.1 applied
with g; = g2t as defined by (3.4), gives

€ € € € 1 T poAat
D" 1) =D (5> i)+ 5, [ B4 10) g R 6
We split the integral as follows:

| (0) = g7 (V) [% < clge(v) =g (V)% + el f(v) = ge () 3, (3.6)

and bound each of the two terms. For the first one note that, for ¢ € (t,tx+1) and all
sufficiently small At,

196 (v) =g ()| <1 (m(8)) = f (mie) |+ | D f () [ (t) = g |+
[Df (m(t)) = D f (mu)|[o(t) =m™(t)| +|Df (m(t)) = Df (my)||[m™* —my
< eAt+cAt|v(t) —mAY.

Thus,
196(v) =95 (V) [% < (A1) + (A2 [u(t) —m > 2. (3.7)

For the second one, as in the proof of Theorem 2.1, we have for small enough At that
S
[f(0)=ge(w)P <€) Jv—m[?
r=0
S S
< CZ ‘U_mAt|r+2 +CZ |mAt —m r42
r=0 r=0
S
< CZ lv—mAt "2 L e(AL)2

=0

Putting everything together, for all At and e sufficiently small,

e,At||, € e,A € 1 ’ po At
D (v s = Do (7> i)+ o [ B |10) — g ()
0

T s
€,A € C C mAt ¢ e, At Lo
SDKL(VO t||M0)+g(At)2+g/ EN( (t),C )Z'v_mAf| +2
0 r=0

€ € c
< DKL(V07At||/‘O) + E(At)2 +ce.
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4. Gaussian approximation of discretized SDEs via discretized ODEs
Consider the Euler-Maruyama discretization of equation (1.1)

Vpp1 =V + f(0R) At +VeSALE,  vh~ pg, (4.1)

where the & are independently drawn from a standard Gaussian distribution. In this
section we consider At >0 small and fixed, and analyze small € limits. A structure of
the form (4.1) arises from discretization of SDEs, but also in many stochastic algorithms
[7]. In the case of interest where the function f is nonlinear, the distribution uf, of vy, is
not Gaussian. We study the approximation of these measures by Gaussians v}, whose
means and covariances are built using discretizations of the ODEs (1.2) and (1.3).

We now detail the construction of the measures vj. Let

Mmp1 =mg+ f(mg) At, (4.2)
Cri1= (T+Df(mp)At)Cy (T+D f(my)At)" +SAL. (4.3)

These agree with the discretization (3.1) used in Section 3, except for an extra (At)?
term in the covariance. We set Cf :=€eCy, and finally vf = N(mg,Cf).

The subsequent analysis is parallel to that of the previous sections. We again use
two observations. First, that the v} are the laws of [f given by

Uipr =1+ (f(mu) + D f (mu) (I, — mu,) ) At +VeS At & (4.4)

Second, the following lemma, analogous to Lemma 2.1. A derivation of this result can
be found for instance in the appendix of [1]. We include a short proof that highlights
how the chain rule Lemma 1.1 makes the Kullback-Leibler divergence well suited for
the analysis of conditionally Gaussian dynamics, as those defined by equation (4.1).

LEMMA 4.1.  Let g, :RP —RP. Let u§, and v§ be the laws of v§ and I§ in RP given by

o1 =1+ e () At+ Ve At &, Lo~ 5,
Vg1 =V + f(0R) At +VESAL &g, G~ -

Denote by pg.,, and vg,, the law of (v§ )] o and (le)J _o in RPEFD - Then
Dier, (VG| #6:1) = Drer. (V5 | 16) + ZEVJ |f— 9]|2 (4.5)

Proof. We show that

€ € € € At v
Dy (V651 116:641) = D (V6. 116.1) + EE kL — gkl (4.6)

Iterating equation (4.6) gives equation (4.5). To prove equation (4.6) we apply Lemma
1.1 with v= (Vo:k, Vk+1), t = (f40:k» k+1), and the kernels

u(~|x):N(z+f(x)At,eZAt), 1/(~|x):N(ergk(:c)At,eEAt).

To conclude, recall that the Kullback-Leibler between two Gaussians with the same
covariance is

Dy (N (m,C)|IN (m,C)) =
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|

The following result shows that the Gaussians v, accurately approximate the dis-
tribution p§, of vf in the small noise limit. More so, the result holds in path space.
THEOREM 4.1.  Suppose that Assumption 1.1 holds. Let pg., be the law of (v;)?zo

gwen by (4.1), and let v, be the law of (l;)?zo given by equation (4.4). Then, for all
sufficienly small At and €, and for all k with kKAt <T,

Dir, (Ve | 116:) < Drcr (V5| 16) + €, Drer (Ve[| 1i) < D (v5 | 126) + ce,
where ¢>0 is independent of the noise strength e.

Proof. Throughout the proof ¢ denotes a positive constant that is independent of
e and may change from line to line. We use the previous lemma with the choice

gr(w):= f(my) + D f (my) (u—my)
together with the observation made in equation (4.4) to deduce that, for k with kAt <T,

D (V5.1 16:1) = Drcr (511 145) +7ZEV |f= 9J|E

€ll,,€ E N(my,C 2
SDKL<VO||MO>+6kzm>§TE Df-awl (@)

Now, using Remark 1.2 it can be shown as in Theorem 2.1 that

S

[f () = gr(@)* <Y fu—my > (4.8)
r=0
To conclude we combine inequalities (4.7) and (4.8), and recall that C§ =eC} and
Remark 1.2 to deduce that, for k with kAt <T and all sufficiently small e,

S
C e
DKL@s:knuak)sDKL@snus)+;k:glAaéTENWC“Z(‘glu—mk\”“
r=

< Dy (5] p5) + ce.

EXAMPLE 4.1.  Again if f is linear then, for k>1,

Dy, (V6.1 l126.1) = Dxer (%51116)s Dy (Vi py) < Dicw (v51] 16)-

As an example, suppose that D=1, f(u)=au+b, and pf is Gaussian in R. Then a
direct proof of the last inequality can be easily obtained. Indeed, it boils down to showing
that, for any m,m,o,6,a,b R and € >0,

Dy (N(am+b,a*0® +€)||N(am+b,a*6% +€)) < Dyr, (N (m,0?) || N (,52)).

In other words,

2 2 2

U——log(a )—1+

(m—m)?
a262+¢ o2

D) )

a’o?+e (a202+e> ) a?(m—m)
G

a262+¢ a?5?+e
which is immediate since the sum of the first two terms in the LHS is smaller than the

sum of the first two terms in the RHS and the last term in the LHS is smaller than the
last term in the RHS.
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