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Abstract

The ensemble Kalman filter (EnKF) is a method for combining a dynamical
model with data in a sequential fashion. Despite its widespread use, there
has been little analysis of its theoretical properties. Many of the algorithmic
innovations associated with the filter, which are required to make a useable
algorithm in practice, are derived in an ad hoc fashion. The aim of this paper is
to initiate the development of a systematic analysis of the EnKF, in particular
to do so for small ensemble size. The perspective is to view the method as a
state estimator, and not as an algorithm which approximates the true filtering
distribution. The perturbed observation version of the algorithm is studied,
without and with variance inflation. Without variance inflation well-posedness
of the filter is established; with variance inflation accuracy of the filter, with
respect to the true signal underlying the data, is established. The algorithm is
considered in discrete time, and also for a continuous time limit arising when
observations are frequent and subject to large noise. The underlying dynamical
model, and assumptions about it, is sufficiently general to include the Lorenz
’63 and 96 models, together with the incompressible Navier—Stokes equation
on a two-dimensional torus. The analysis is limited to the case of complete
observation of the signal with additive white noise. Numerical results are
presented for the Navier—Stokes equation on a two-dimensional torus for both
complete and partial observations of the signal with additive white noise.
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1. Introduction

In recent years the ensemble Kalman filter (EnKF) [8] has become a widely used methodology
for combining dynamical models with data. The algorithm is used in oceanography, oil
reservoir simulation and weather prediction [4,9, 15,25], for example. The basic idea of the
method is to propagate an ensemble of particles to describe the distribution of the signal given
data, employing empirical second order statistics to update the distribution in a Kalman-like
fashion when new data is acquired. Despite the widespread use of the method, its behaviour
is not well understood. In contrast with the ordinary Kalman filter, which applies to linear
Gaussian problems, it is difficult to find a mathematical justification for EnKF. The most
notable progress in this direction can be found in [18,22], where it is proved that, for linear
dynamics, the EnKF approximates the usual Kalman filter in the large ensemble limit. This
analysis is however far from being useful for practitioners who typically run the method with
small ensemble size on nonlinear problems. Furthermore there is an accumulation of numerical
evidence showing that the EnKF, and related schemes such as the extended Kalman filter, can
‘diverge’ with the meaning of ‘diverge’ ranging from simply losing the true signal through to
blow-up [11,13,19]. The aim of our work is to try and build mathematical foundations for
the analysis of the EnKF, in particular with regards to well-posedness (lack of blow-up) and
accuracy (tracking the signal over arbitrarily long time-intervals). To make progress on such
questions it is necessary to impose structure on the underlying dynamics and we choose to work
with dissipative quadratic systems with energy-conserving nonlinearity, a class of problems
which has wide applicability [21] and which has proved to be useful in the development of
filters [20].

In section 2 we set out the filtering problem that will be considered in the article. In
section 3 we derive the perturbed observation form of the EnKF and demonstrate how it links
to the randomized maximum likelihood (RML) method which is widely used in oil reservoir
simulation [25]. We also introduce the idea of variance inflation, widely used in many practical
implementations of the EnKF [1]. Section 4 contains theoretical analyses of the perturbed
observation EnKF, without and with variance inflation. Without variance inflation we are able
only to prove bounds which grow exponentially in the discrete time increment underlying the
algorithm (theorem 4.2); with variance inflation we are able to prove filter accuracy and show
that, in mean square with respect to the noise entering the algorithm, the filter is uniformly
close to the true signal for all large times, provided enough inflation is employed (theorem 4.4).
These results, and in particular the one concerning variance inflation, are similar to the results
developed in [3] for the 3DVAR filter applied to the Navier—Stokes equation and for the 3DVAR
filter applied to the Lorenz 63 model in [17], as well as the similar analysis developed in [24]
for the 3DVAR filter applied to globally Lipschitz nonlinear dynamical systems. In section 5
we describe a continuous time limit in which data arrives very frequently, but is subject to
large noise. If these two effects are balanced appropriately a stochastic (partial) differential
equation limit is found and it is instructive to study this limiting continuous time process.
This idea was introduced in [2] for the 3DVAR filter applied to the Navier—Stokes equation,
and also analysed for the 3DVAR filter applied to the Lorenz ’63 model in [LSS14], and is
here employed for the EnKF filter. The primary motivation for the continuous time limit is to
obtain insight into the mechanisms underlying the EnKF; some of these mechanisms are more
transparent in continuous time. In section 6 we analyse the well-posedness of the continuous
time EnKF (theorem 6.2). Section 7 contains numerical experiments which illustrate and
extend the theory, and section 8 contains some brief concluding remarks.

Throughout the sequel we use the following notation. Let H be a separable Hilbert space
with norm |-| and inner product (-, -). We will use the notation £(7, K) to denote the space
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of linear operators with domain H and range K. For a linear operator C on H, we will write
C > 0 (resp. C > 0) when C is self-adjoint and positive semi-definite (respectively, positive
definite). Given C > 0, we will denote

def| ~_1/2
=20,
Unless otherwise stated, we will use E to refer to the expectation operator, taken over all

random elements.

2. Set-up

2.1. Filtering distribution

We assume that the observed dynamics are governed by an evolution equation

e _ F(u) ey
dr

which generates a one-parameter semigroup ¥; : H — H. We also assume that L C H is
another Hilbert space, which acts as the observation space. We assume that noisy observations
are made in KC every & time units and write W = W;,. We define u; = u(jh) for j € N and,
assuming that u is uncertain and modelled as Gaussian distributed, we obtain

ujy =VY(u;), withug~ N(mg, Cp)
for some initial mean m and covariance Cy. We are given the observations
Vis1 = Hujo + T2, with & ~ N0, ) iid.,

where H € L(H, K) is the observation operatorandI' € L(IC, K) withT" > Ois the covariance
operator of the observational noise; the i.i.d. noise sequence {&;} is assumed independent of
ug. The aim of filtering is to approximate the distribution of u; given ¥; = { yg}izl using a
sequential update algorithm. That is, given the distribution u;|Y; as well as the observation
¥j+1, find the distribution of u;,|Y;,;. We refer to the sequence P(u;|Y;) as the filtering
distribution.

2.2. Assumptions

To write down the EnKF as we do in section 3, and indeed to derive the continuum limit of
the EnKF, as we do in section 5, we need make no further assumptions about the underlying
dynamics and observation operator other than those made above. However, in order to analyse
the properties of the EnKF, as we do in sections 4 and 6, we will need to make structural
assumptions and we detail these here. It is worth noting that the assumptions we make on
the underlying dynamics are met by several natural models used to test data assimilation
algorithms. In particular, the 2D Navier—Stokes equations on a torus, as well as both Lorenz
’63 and *96 models, satisfy assumption 2.3 [20,21,26].

Assumption 2.3 (Dynamics model). Suppose there is some Banach space V, equipped with

norm ||-||, that can be continuously embedded into H. We assume that (1) has the form

du

E+Au+8(u,u) =f, 2)
where A : ' H — 'H is an unbounded linear operator satisfying

(Au, u) > Mull?, 3)
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for some A > 0, B is a symmetric bilinear operator B : V x V — 'H and time dependent
forcing f : Ry — H. We furthermore assume that B satisfies the identity

(B(u,u), u) =0, “
forallu € 'H and also
(B(u, v),v) < cllullllvlfv], &)

for all u,v € 'H, where ¢ > 0 depends only on the bilinear form. We assume that the
equation (2) has a unique weak solution for all u(0) € H, and generates a one-parameter
semigroup V, : V — V which may be extended to act on 'H. Finally we assume that there
exists a global attractor A C 'V for the dynamics, and constant R > 0 such that for any initial
condition ug € A, we have that sup, lu(?)|| < R. [ |

Remark 2.4. In the finite dimensional case the final assumption on the existence of a global
attractor does not need to be made as it is a consequence of the preceding assumptions made.
To see this note that

1 djul?
2 dt

The continuous embedding of V, together with the Cauchy—Schwarz inequality, implies the
existence of a strictly positive constant € such that

1 djul?
2 dt

forall§ > 0. Choosing § = € gives the existence of an absorbing set and hence a global attractor
by theorem 1.1 in chapter I of [26]. In infinite dimensions the existence of a global attractor in
V follows from the techniques in [26] for the Navier—Stokes equation by application of more
subtle inequalities relating to the bilinear operator B—see section 2.2 in chapter 3 of [26].
Other equations arising in dissipative fluid mechanics can be treated similarly. [ ]

+ Allull* < (f, u). (6)

1 8
2 P+ 2qup 7
€lul 2(Slfl 7 lul )

Whilst the preceding assumptions on the underlying dynamics apply to a range of
interesting models arising in applications, the following assumptions on the observation model
are rather restrictive; however we have been unable to extend the analysis without making them.
We will demonstrate, by means of numerical experiments, that our results extend beyond the
observation scenario employed in the theory

Assumption 2.5 (Observation model). The system is completely observed so that K = H
and H = 1. Furthermore the i.i.d. noise sequence {&;} is white so that & ~ N(0,T") with
I =y2L [

The following consequence of assumption 2.3 will be useful to us.

Lemma 2.6. Let assumption 2.3 hold. Then there is B € R such that, for any vp € A, h > 0
and wy € H,

|Wy () — Wy (wo)| < eP|vg — wol.

Proof. Let v, w denote the solutions of (2) with initial conditions vy, wg respectively; define
e = v — w. From the bilinearity of B, it follows that

d
d—f + Ae +2B(v, ¢) — Ble, ¢) = 0, )
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with e(0) = vy — wy. Taking the inner-product with e, using (3), (4) and (5), and choosing
8 = A/(2cR), gives

ld| I+ Allell* < 2cllvlllelllel
——\e el|” < 2cl|vll|le]llle
2 dt

< 2cR|le]lle]
<

cRllel* + 87" [el*)
A 2
= Sllell* + (R lel”.
Thus
d o, _+4 21,12
el < —(¢cR
el s (R el
and the desired result follows from an application of the Gronwall inequality. |

Remark 2.7. It should be emphasized that in lemma 2.6, we only require that one of the
starting points vy, wy lies in the attractor. This is a special advantage of assuming a quadratic
structure for the nonlinearity. [ ]

3. The EnKF

3.1. The algorithm

The idea of the EnKF is to represent the filtering distribution through an ensemble of particles, to
propagate this ensemble under the model to approximate the mapping P (u;|Y;) to P(u;41]Y;)
(refered to as prediction in the applied literature), and to update the ensemble distribution to
include the data point Y;,; by using a Gaussian approximation based on the second order
statistics of the ensemble (refered to as analysis in the applied literature).

The prediction step is achieved by simply flowing forward the ensemble under the model
dynamics, that is

9 = w0, fork=1...K.

Jj+l =
The analysis step is achieved by performing a randomized version of the Kalman update
formula, and using the empirical covariance of the prediction ensemble to compute the Kalman
gain. There are many variants on the basic EnKF idea and we will study the perturbed
observation form of the method.

The algorithm proceeds as follows.

(i) Set j = 0 and draw an independent set of samples {v(()k)}f:1 from N (my, Cy).

(i1) (Prediction) Let 'ﬁyi)l = \Il(v;k)) and define C,; as the empirical covariance of {ﬁyi)l } ,{;1.
That is,

K
~ 1
_ 2 : ~k = k) -
Cj+l = E (Uj+1 - vj+l) by (Uj+1 - vj+1),
k=1

where v, = % Zf:l V41 denotes the ensemble mean.
(iii) (Observation) Make an observation y;.j = Hu +r¥ 25 j+1. Then, foreachk =1... K,
generate an artificial observation
(k) 1/2 & (k)
Yign = Vi1t r é:jﬂ»
where E;lfr)l are N (0, I) distributed and pairwise independent.
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(iv) (Analysis) Let v( ) be the minimizer of the functional

1,k 2 k
JW) = 31yih — Holt + 310,

2
o U|6_/+1
(v) Set j — j + 1 and return to step (i7).

The name ‘perturbed observation EnKF’ follows from the construction of the artificial
observations y;ﬁ), which are found by perturbing the given observation with additional noise.
The sequence of minimizers v, can be written down explicitly by simply solving the quadratic
minimization problem. This straightforward exercise yields the following result.

Proposition 3.2. The sequence {v;.k)} j>o0 is defined by the equation
(I+CinH T HWE, =0 + Cra H'T 1y,
foreachk =1,..., K

Hence, collecting the ingredients from the preceding, the defining equations of the EnKF are
given by

(I +CiH T HW Y = W)+ Cp HTT 7y ) (9a)

yj+1 =Yyjat Fl/z‘sl(‘ﬁ)] 9b)
1 K

l_}j+1 = E Z ‘-I—’(U;»k)) (9¢)

,+1 — Z(\I—’(U( )) - v,+1) ® (lIJ(v;-k)) — l_’j+1)' (9d)

There are other representations of the EnKF that are more algorithmically convenient, but the
formulae (9) are better suited to our analysis.

3.3. Connection to RML

As pointed out in [10], the analysis step of EnKF can be understood in terms of the RML
method widely used in oil reservoir history matching applications [25]. We will now briefly
describe this method. Suppose that we have a random variable u and that u ~ N (m, C ).
Moreover, let G be some linear operator and suppose we observe

y=Gu+& where& ~ N(0,T).

One can use Bayes’ theorem to write down the conditional density P(u|y). In practice however,
it is often sufficient (or sometimes even better) to simply have a collection of samples {”(k)}zle
from the conditional distribution, rather than the density itself. RML is a method of taking
samples from the prior N (m, C ) and turning them into samples from the posterior. This is
achieved as follows, given u®) ~ N(m, C ) (samples from the prior), define u® for each
k=1...K by u® = argmin, J® (u) where

k

TOW) =31y = Gu+T'"PeO R+ Ju —a® 2,
where £® ~ N(0, I) and independent of £. The u® are then draws from the posterior
distribution of #|y which is a Gaussian with mean m and covariance C. Since one can explicitly
write down (m, C), it may be checked that the u® defined as above are independent random

variables of the form u® = m + C'/2¢®, where ¢® ~ N(0, I) i.i.d. and are hence draws
from the desired posterior, as we know show.
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Proposition 3.4. Assume that C is invertible. Then, in the above notation, we have that
u® =m+C'2¢® where ¢ ~ N(0, I) i.i.d and (m, C) are defined by

c'=Cc"'+G6'r'G (10)
C'm=G'T'y+C . (11
In particular, u'® is a sample from the posterior of u|y.
Proof. Firstly, note that C is invertible since C is invertible. Secondly, it is well known that the
pair (m, C) defined by (10), (11) do indeed define the mean and covariance of the posterior.

This can be easily verified by matching coefficients in the expression for the negative log-
density

1 2,1 ~2
31y — Gulp + 3lu — ml3.
Hence, it suffices to verify that u® = m+ Cl/zg“(k). Since #® ~ N(m, 6), we can write

7® = 7+ Cy®, for n® ~ N(O, I) i.i.d. Moreover, by matching coefficients in J®, we
see that

G'T7'G+CHu® = GTr ! (y + T12W) y C1a®
(o) (a7 ),
Using (10), this can be rewritten as
= (W70 8 ) (e o S
Now, by (10) and (11) we have that
m= C<GTr1y + 61;?1)
and moreover, we see that
E(C(GTFI/ZE(") " 671/277(1{)) ® C(GTT12e® 4 61/2n(k))>
=c(G'r'é+CcHc=c.
This completes the proof. ]

The analysis step of perturbed observation EnKF fits into the above inverse problem
framework, since we are essentially trying to find the conditional distribution of u ;,{|Y; given
the observation y;,;. Suppose we are given {vs.k)} and think of this as a sample from an
: k k
{1)\(»31} = {\Il(v;. ))} can be

J
thought of as a sample from an approximation to the distribution of u j,1|Y;. Now, define vﬁli)l

using the RML method, minimizing the functional

k) 2
TO@) =Yy — Ho+ £ 1F + 3o — 99

approximation to the distribution of u;|Y;. Then the ensemble

C.o

2
C_H-l

where 51('?1

covariance

are i.i.d. N(0,I') and where the covariance C j+1 1s defined as the empirical

K
P~ 1 k _ k _
Cin == D@ = 5550 ® @) = Djm1).
k=1

This is precisely the EnKF update step described in the algorithm above. There are several
reasons that this update step only produces approximate samples from the filtering distribution.
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First of all, the distribution u;,(|Y; is certainly not Gaussian in general, unless the dynamics
are linear, hence the RML method becomes an approximation of samples. And secondly, since
this distribution is not in general Gaussian, the choice of c j+1 1s another approximation.

Although the approximations outlined are clearly quite naive, the decision to use the
empirical distribution instead of say the push-forward of the covariance u;|Y; gives a
huge advantage to the EnKF in terms of computational efficiency. Moreover, by avoiding
linearization, the prediction ensemble exhibits more of the nonlinear dynamical effects present
in the underlying model that are present in, say, the extended Kalman filter [14]. However
the method as implemented is prone to failures of various kinds and a commonly used way of
over-coming one of these, namely collapse of the particles onto a single trajectory, is to use
variance inflation. We explain this next.

3.5. Variance inflation

The minimization step of the EnKF computes an update which is a compromise between the
model predictions and the data. This compromise is weighted by the empirical covariance on
the model and the fixed noise covariance on the data. The model typically allows for unstable
(chaotic) divergence of trajectories, whilst the data tends to stabilize. Variance inflation is a
technique of adding stability to the algorithm by increasing the size of the model covariance
in order to weight the data more heavily. The form of variance inflation that we will study is
found by shifting the forecast covariance c by some positive definite matrix. That is, one sets

Cjai 6j+1 +A,
in (9a). Here A : H — 'H is a linear operator with A > 0. Equation (9a) becomes

(I +(A+CrpH T W, =08 + A+ CoopH Tyl
This has the effect of weighting the data more than the model. Furthermore, by adding a
positive definite operator, one eliminates the null-space of C;,; (which will always be present
if the number of ensemble members is smaller than the dimension of ) effectively preventing
the ensemble from becoming degenerate. Intuitively speaking, variance inflation ensures the
spread of the ensemble is non-zero and prevents collapse onto a false trajectory. A natural
choice is A = «®I where « € R and I is the identity operator. In the sequel it will become
clear that variance inflation has the effect of strengthening a contractive term in the algorithm,
leading to filter accuracy if « is chosen large enough.

4. Discrete-time estimates

In this section, we will derive long-time estimates for the discrete-time EnKF, under the
assumption 2.3 and 2.5 on the dynamics and observation models respectively. We study
the algorithm without and then with variance inflation. The technique is to consider evolution

of the error between the filter and the true signal underlying the data. To this end we define
® _ kR
D = . (12)
Throughout this section we use E to denote expectation with respect to the independent i.i.d.

noise sequences {£;} and {g}’”} and independent initial conditions uy and v(()k).

4.1. Well-posedness without variance inflation

Theorem 4.2. Let assumptions 2.3 and 2.5 hold and consider the algorithm (9). Then
e?Phi — 1)

2 2
(k) 2Bhj (k) 2~
E‘ej ‘ <e E‘eo ‘ +2Ky (eZﬂh 7

forany j > 1.
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Proof. Firstly note that, under assumption 2.5, the update rule (9a) becomes
1 ~ 1 ~
(k) (k) (k)
(I + ﬁcj'_,_l) j+1 = ‘-IJ(U ) + V—C,+1yl+]
Secondly note that the underlying signal satisfies
1 ~ 1 ~
<I + ﬁch.]) Ujyl = ‘-IJ(MJ) + ﬁch.]q/(uj).
Thus, subtracting from (9a), we obtain
1 ~ 1 ~
(1 ‘ ;cﬂl) e =w) - W) + ﬁcm(yj-iﬁ — W(u;)).

Now, if we define r; and r, by

1 ~
<I+—2Cj+1> r=we) - W) (13)
y .
14280 ) r = =G — ) (14)
)/2 j+1 2 = )/2 Jj+l yj+1 jl)s
then e( )] = r; + r,. Moreover, since C j+1 is symmetric and positive semi-definite, we have
that

o~

1~ \'1
< 1 and ‘([+ PC]‘_H) ﬁcj'_,.]

1~ -1
‘<I+PC1‘+1> < 1.

Note also that C j+1 has rank K and let P;.; denote projection into the finite dimensional
subspace orthogonal to the kernel of c j+1- Then

L= 1~ *)
ﬁcjﬂ (i — V) = ch+lpj+l()’j+1 —W(u;))

1= ®
= PC]‘+1P]‘+1(E]'+1 +&.,1)-
It follows from this and from lemma 2.6 that
il < [wei) = wep)| < efel)]
and
2l < [y = )| = | Praa G+ €5

(k)

Now, if we let F; be the o -algebra generated by {e; ", ..., e} K, then, since r, has zero mean

and is condltlonally independent of 7|, we have

(k)
E (‘ ]+1

Here we have used the fact that P;,; projects onto a space of dimension at most K. It follows

2 2
|f) = 1P+ B[P o + D<) 42K

Jj+l1

that
2
E‘ “31 —E (E (‘ (,kfl | >> < ezﬂ”E‘ej.k)‘ 12K,
and the result follows from the discrete Gronwall inequality. |

The preceding result shows that the EnKF is well-posed and does not blow-up faster than
exponentially. We now show that, with the addition of variance inflation, a stronger result can
be proved, implying accuracy of the EnKF.
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4.3. Accuracy with variance inflation

We will focus on the variance inflation technique with A = >1. In this setting, again assuming
H =1 and " = y21, the EnKF ensemble is governed by the following update equations.

o’ 1~ *) *) o’ L~ *)
I+;I+?Cj+1 Uj+1=‘~I/(Uj )+ Pl-’-?cﬂ—l yj+1' (15)

We will now show that with variance inflation, one obtains much stronger long-time estimates
than without it. In particular, provided the inflation parameter « is large enough, the ensemble
stays within a bounded region of the truth, in a root-mean-square sense.

Theorem 4.4. Let {v® }le satisfy (15) and let e;k) = v;’d —uj. Let0 = yz’faz e?P, then

. 1—6/
Elef'” <0/Bley’ | +2Ky*—.
forall j € N. In particular, if 6 < 1 then
2Ky?

lim Ele®? .
j—oo e TS T

Proof. The proof is almost identical to the proof of theorem 4.2. The only difference is that
here we use the estimates

o? 1~ \!
(1 + ?I + ﬁCjH)

J/Z

<-4
a?+y?

Ol2 1 ~ -1 a2 1 ~
I+ﬁI+FCJ‘+1 ﬁ1+ﬁcj‘+1

Proceeding exactly as above, we obtain

and

<L

2

k) 2 14 h (k)2 2.2 (k)2 2.2

Ele}),* < meﬂ Ele}’]> +2K?y* = 0Ele}’ | + 2K?y?,
and the result follows from the discrete Gronwall inequality. |
Remark 4.5. For a fixed model, choosing a? > y2(e?# — 1) will result in filter boundedness.
Furthermore, if the observational noise standard deviation y is small then choosing « large
enough results in filter accuracy. That is, we can make long-time RMS error lim;_, E|e;.k) 2
arbitrarily small. ™
Remark 4.6. The accuracy result implies that, with high probability, the ensemble is
concentrated near the truth, for sufficiently large times. However, the perturbed observations
typically prevent complete collapse and synchronization of the entire ensemble; instead the
ensemble fluctuates around the truth with error scale set by the standard deviation of the
observational noise. ]

5. Derivation of the continuous time limit

In this section we formally derive the continuous time scaling limits of the EnKF. The idea
is to rearrange the update equation such that it resembles the discretization of a stochastic
ODE/PDE; we will simply refer to this as an SDE, be it in finite or infinite dimensions. We
shall see that non-trivial limits only arise in situations where the noise is rescaled.
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First, observe from (9) that

(k) &) _ 5% (k) T (k) 1)
Vi) — Y Uiy — U CJ+H r- Hv 1+C]+1H I yia

Z‘I’h(vﬁk))—vﬁ‘k) CimH'T ™ Hol) + Cr H'T !yl

Now, if we attempt to take 7 — 0, then the third and fourth terms on the right hand side above
will lead to divergences when added up, since they are O(1). This can be avoided by choosing
an appropriate rescaling for the noise sources. To this end, letI' = A~°T" for some s > 0, then
we have

o) — 0 =) =¥ — 1 Cr BTy Hy

) N0
41 +h*CinH' Ty Vi1

j+1
Now, if we define the prlmmve zof y by

(k) (k) (k)
Zig — 25 =hyg,

then we have coupled difference equations

ol =0 = 0,0 —v® — i BT HOY, + T o BTG @) — 20 (16a)
2 =2 =hHuj. AR S/2r1/2(5<+1 +E501). (16b)

The final step is to find an SDE for which the above represents a reasonable numerical scheme.
Of course, this depends crucially on the choice of scaling parameter s. In fact, it is not hard
to show that the one non-trivial limiting SDEs corresponds to the choice s = 1. To see
why this is the only valid scaling, notice that (16a) implies that s > 1, since otherwise the
O (h*) terms would diverge when added up. Likewise, from the second equation we must
have 1 — s/2 > 1/2, for otherwise the stochastic terms would diverge when summed up, in
accordance with the central limit theorem. Hence we must choose s = 1.
If we invoke the approximation

Yy (v) — v~ hF(v)

then, in the case s = 1, the system (16a) is a mixed implicit—explicit Euler—Maruyama type
scheme for the SDE

dv® = F®)dr — C)H'T,'Hv® dt + C)H' T, 'dz® (17a)
dz® = Hudt + T2 dW® +dB). (17b)
Here W, ... W) B are pairwise independent cylindrical Wiener processes, arising as
limiting processes of the discrete increments £V, ... £ £ respectively. We use v to denote

the collection {v¥}X_| and the operator C (v) is the empirical covariance of the particles defined
as follows:
K

o1
- ?Zv(k) (18a)

k=1

Cv) = % i‘(v(") - 1')) ® (v(k) - 17). (18b)

k=1
Thus we have the system of SDEs (17) fork =1, ..., K, coupled together through (18).

Remark 5.1. If we substitute the expression for dz® from (17b) into (17a) then we obtain
dv® = Fu®)dr — CHTT' HO® —w)ydt + C)HTT; ' ?@W® +dB). (19)

Of course in practice the truth u is not known to us, but the equation (19) has a very clear
structure which highlights the mechanisms at play in the EnKF. The equation is given by
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the original dynamics with the addition of two terms, one which pulls the solution of each
ensemble member back towards the true signal u, and a second which drives each ensemble
member with a sum of two white noises, one independently chosen for each ensemble member
(coming from the perturbed observations) and the second a common noise (coming from the
noise in the data).

The stabilizing term, which draws the ensemble member back towards the truth, and the
noise, both act only orthogonal to the null-space of the empirical covariance of the set of
particles. The perturbed observations noise contribution will act to prevent the particles from
synchronizing which, in their absence, could happen. If the particles were to synchronize then
the covariance disappears and we simply obtain the original dynamics

dv® = F(®)dr (20)

for each ensemble member.

In this context it is worth noting that another approach to the derivation of a continuous
time limit is to never introduce the process z and only think of the equation for v®. In
particular, we have

»®

k k k -~ —1 k
=0 =0, — o = nCiHT Ho)

j+1
+1

+hS6j+]HTFO_1 (Huj+1 + his/zré/z(é;k) +§j+l)) .

In this case, we still must have s > 1 in order to get a limit, but there is no requirement for
s < 1. However, it is easy to see that in the case s > 1, one obtains the trivial scaling limit
(20) so that each ensemble member evolves according to the model dynamics and the data
is not seen. Such scalings are of no interest since they do not elucidate the structure of the
model/data trade-off which is the heart of the EnKF.. [

5.2. Limits with variance inflation
With variance inflation, the update equation (16a) becomes
v(]() _ U(-k) — \Ilh(v;k)) _ U.E-k) _ hA(A + 6j+1)HTF(;1HU(<k)

Jj+l j j+l
o -~ — k k
+h A+ Cr)HTT @) = 2)

Jj+1
k k — 1/2 k
20— 2% = hHuj + BRI ER) + 6500). 1)

By the same reasoning, it is clear that the only non-trivial continuous time limit is given by
dv® = Fo®)dt — (A+C)HT,'Hv®W dt + (A + C(v)H Ty 'dz® (22)

dz® = Hudr +T)*(dW® +dB).

6. Continuous-time estimates

In this section we obtain long-time estimates for the continuous time EnKF, under
assumptions 2.3 and 2.5. These are the same assumptions used in the discrete case and our
results are analogous to theorems 4.2. Under assumptions 2.3 and 2.5, the continuous time
EnKF equations (19) for the ensemble v = {v®}£_| become

dv® @) + (AP @) + Be® @), vP 1)) dt (23)

1 ®) 1 ®
—f- ﬁC(v)(v (t) — u(t))d + ;C(v)(dW (t) + dB(1)).
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We set e® = v® — y, and write e for e = {¢®}K . Note that C(v) = C(e) since shifting
the origin does not change the empirical covariance. Thus we have

de® (1) + (Ae™ + Be®, e™) +2B", u)) dt
! Y ®
= ——C(e)eVdr + —C(e)( W™ (1) + dB()).
v 1

Remark 6.1. In the next theorem, we will analyse the growth properties of solutions to the
SPDE (23), but to make the statement precise we must specify what we mean by a solution.
We use the standard notion of a strong solution as found in [7]. In essence, we assume that the
solution is strong enough so that all the terms in the integral expression

v® (1) + f (Av<k>(s) +B®(s), v(k)(s))) ds
0
=v®(0) +/ <f - %C(v(s))(v(k) (s) — u(s))) ds
0

+%f C () (dWP (s) + dB(s)) (24)
0

are well defined and moreover, fall into the domain of It&’s formula. To be precise, we say
that v = {vW}X_| is a strong solution to (23) over the interval [0, T if v satisfies (24) (P-a.s.)
and moreover we have that

T
/ |[Av® 0]+ BP0, v® @)] +|C)@P @) —u@)|df <o P-as.
0
and

T
f IC(v(1))||3gdt <00 P-as
0

where ||-|| y 5 is the Hilbert—Schmidt norm. As canbe seenin[7, theorem 4.17], these conditions
are sufficient to utilize It6’s formula. We note that, in the case of (23), it is not unreasonable
to assume the existence of strong solutions. Indeed, in finite dimensions any type of solution
will be a strong solution and moreover, the very existence of a Lyapunov function, as obtained
in the theorem below, is enough to guarantee global solutions [23]. In infinite dimensions this
is not the case in general. However the fact that the noise is effectively finite dimensional, due
to the presence of the finite rank covariance operator C, does mean that existence of strong
solutions may well be established on a case-by-case basis in some infinite dimensional settings.
However it is difficult to do this at the level of generality we study in this paper and hence we
will not make any concrete statements concerning the existence of strong solutions, rather we
will simply assume that one exists and is unique. [

We may now state and prove the well-posedness estimate for this equation, analogous to
theorem 4.2. We assume that (23) has a unique solution for all # > 0. In finite dimensions this
is in fact a consequence of the mean square estimate provided by the theorem; since we have
been unable to prove this in the rather general infinite dimensional setting, however, we make
it an assumption. We let (2, F, P) denote the probability space underlying the independent
initial conditions and the driving Brownian motions ({W®}, B), and E denotes expectation
with respect to this space.

Theorem 6.2. Assume that (23) has a unique strong solution, in the sense of remark 6.1 and
that assumptions 2.3 and 2.5 hold. We then have that

| — (1 & > 4(cR)*t
— (k) _ (k)
< kEZIE}e 0] < (K gzlE’e O] )exp( . )
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where ¢ > 0 is the constant appearing in (5). Moreover, we have that
K K
1 ! 2 1 2\ 1 4(cR)*t
— El|e® ds < | — Ele®(0 —€ .

Proof. Using It6’s formula, one can show that

t
Ele® )]’ = E[e® )| + / —2E(e®, Ae® + Be®,e®) +2B(e®, u))ds
0

r-2 2
+ / — E[e?, C(e)e™) + S Etr (C(e)’) ds. (25)
oV Y
Now, if we let {£;};c; be some orthonormal basis of H, then we can simplify the above using

the identity
ir (C(e)’) = Y (Cle)&:, C(e)&).
iel
By expanding the right C(e), we obtain

1 K
Do 2l —e &)™, Clog)
m=1

iel

tr (C(e)?)

1 K
=22 " — e gl(Cee™. &)

m=1 iel

K
= % Y e — e, Cle)e™)
m=1

K
= £ D ) - . Ca

m=1
Substituting this into (25) and summing over k = 1... K, we obtain

1 K (k) 2 l K *) 2
= LBl = 2 Y BlY o)
k=1 k=1
1 [
t Z/ 2B[e®, Ae®) 1 B, e®) 1 2B, u))ds
k=10

—%/ E{e, C(e)e)ds.
Y=Jo

And since C(e) is positive semi-definite, we have

1 & 1 &
7 LB < £ Y ElPof
k=1 k=1

K ot
+ % Z[ —2E(e(k), Ae® + B(e(k), e(k)) + 28(6(1‘), u)) ds.
k=10
Finally, using the assumptions on .4, B, we have that
(e, Ae® + B, e®) +2B®, w) < =1 [e® | +2|(Be), ), V)
< =Af[e@ ] +2¢[e® [ [ 1ul
< =1 [e®] +er (57 e +5]e®]),
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recalling that sup, - [lu(7)|| < R. Putting this altogether, we have that

1 2 1 K ! 2
_ (k) _ _ (k)
K;E|e | +Kk2:1:/0 2(h—cR8) E|[e®(s)| ds
1 K 1 K t
S IRES o
k=1 k=10

If we pick § = 1/(2cR) then we obtain the estimate

| ZK Ele® )| + | ZK /’w”e(@( )| d
i i S h)
K k=1 K k=170
1 & 2 1 & [T 4(cR)? 2
(k) (k)
< Kk§:1E|e O] + k§=1/0 n E|e®(s)|" ds,

and the result follows from Gronwall’s inequality. As a consequence of this, we see that

1 & 2
EZ/ AE”e(k)(s)” ds
k=170
1 & 2 1 & [T 4(cR)? >
LRI

N

K
4(CR) 1 2 ! 4(cR)%s
—_ k) _ (k)
< §:E| O + (K §:l:E|e O] )/0 exp< . ds
4(cR)“t
=_§ :E]e<k>(0)\ ( (cRY )
which proves the second result and hence the theorem. g

Remark 6.3. In this case of non-trivial H and I', the above argument does not work, but
nevertheless it is still informative to see why it does not work. Indeed, if we apply the exact
same argument to the case of arbitrary H, I', we still obtain the identity

1 K (k) 2 1 K *) 2
= LBl = 2 Y BV o)
k=1 k=1
1o [
t Z-/o 2B[e®, Ae®) 1 B, e®) 1 2B, 1)) ds

t
—2f Ele,C(e)H'T'He)ds.
0

The reason we cannot proceed further is that even though C(e) and HTI' ' H are themselves
positive semi-definite and self adjoint, the same is not necessarily true for the product. [ ]

7. Numerical results

In this section we confirm the validity of the theorems derived in the previous sections for
variants of the EnKF when applied to the dynamical system (2). Furthermore, we extend
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our numerical explorations beyond the strict range of validity of the theory and, in particular,
consider the case of partial observations. We conduct all of our numerical experiments in the
case of the incompressible Navier—Stokes equation on a two- dimensional (2D) torus.

We observe not only well-posedness, but indeed boundedness of the ensemble for both
complete and partial observations, over long time-scales compared with the natural variability
of the dynamical system itself. However, the filter is always inaccurate when used without
inflation. We thus turn to study the effect of inflation and note that our results indicate the
filter can then always be made accurate, even in the case of partial observations, provided
that sufficiently many low Fourier modes are observed. In the case that only the high Fourier
modes are observed the filter cannot be made accurate with inflation.

7.1. Setup

Let T2 denote the 2D torus of side L : [0, L) x [0, L) with periodic boundary conditions. We
consider the equations

ou(x,t) —vAu(x,t) +u(x,t) - Vu(x,t) + Vp(x,t) = f(x)
V-ulx,t)=0
u(x,0) = up(x)

forall x € T? and ¢ € (0, c0). Here u: T? x (0, c0) — R? is a time-dependent vector field
representing the velocity, p: T x (0, c0) — R is a time-dependent scalar field representing
the pressure and f: T? — R? is a vector field representing the forcing which we take as time-
independent for simplicity. The parameter v represents the viscosity. We assume throughout
that o and f have average zero over T?; it then follows that u(-, ¢) has average zero over T2
forallt > 0.

Define

T:= {trigonometric polynomials u : T? — R? ‘ V.-u=0, / u(x)dx = 0}
T2

and H as the closure of T with respect to the norm in (L*(T?))? = L*(T?, R?). Welet P :
(L*(T?))?> — H denote the Leray-Helmholtz orthogonal projector. Given m = (m, my)7T,
define m* := (m,, —m;)T. Then an orthonormal basis for (a complexified)  is given by
Y T2 — C?, where

m* 2wim - x
() = o ep( =) (26)
for m € Z* \ {0}. Thus for u € H we may write
u) = Y V()
meZ2\{0}

where, since u is a real-valued function, we have the reality constraint u_,, = —u,,. We define
the projection operators P, : H — H and Q; : H — H for L € NU {oo} by

Pa)X) = Y up¥nx),  Q=1-"P.
2rm|2<AL?

Below we will choose the observation operator H to be P, or Q;.

We define A = —v P A the Stokes operator, and, for every s € R, define the Hilbert spaces
H* to be the domain of A*/2. We note that A is diagonalized in 7 in the basis comprised of
the {Y }mez2\(0)- We denote by | - | the norm on H := H°.
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Applying the projection P to the Navier—Stokes equation for f = Pf we may write it as
an ODE in H as in (2), with B(u, v) the symmetric bilinear form defined by

B(u,v) = 3Pu-Vv)+3P(v- Vu)

for all u, v € V. See [5] for details of this formulation of the Navier—Stokes equation as an
ODE in H.

We fix the domain size L = 2. The forcing in f is taken to be f oc VW, where
W = cos(mks-x)and V- = JV with J the canonical skew-symmetric matrix. The parameters
(v, ks, | f]) in (2), where k is the wavevector of the forcing frequency, are fixed throughout
all of the experiments shown in this paper at values which yield a chaotic regime; specifically
we take (v, kg, | f|) ~ {0.01, (5, 5), 10}.

Our first step in constructing a numerical experiment is to compute the true solution u
solving equation (2). The true initial condition ug is randomly drawn from N (0, v2ZA72).
The true solution is computed with M = 322 non-zero Fourier coefficients. Padding is
included in the spectral domain to avoid aliasing, resulting in 4M-dimensional FFTs. For
all the experiments presented below, we will then begin with an initial ensemble which is
far from the truth, in order to probe the accuracy and stability of the filter for the given
parameters. Specifically we let my ~ N (u(0), ﬂ‘”z#A‘l) and v(()k) ~ N (my, (,3/25)42#14‘1)
with 8 = 0.25. Throughout, y = 0.01. We use the notation m(¢) to denote the mean of the
ensemble.

The method used to approximate the forward model is a modification of a fourth-order
Runge—Kutta method, ETD4RK [6], in which the Stokes semi-group is computed exactly
by working in the incompressible Fourier basis {3, (x)}cz2\j0}» and Duhamel’s principle
(variation of constants formula) is used to incorporate the nonlinear term. We use a time-step
of dt = 0.005. Spatially, a Galerkin spectral method [12] is used, in the same basis, and the
convolutions arising from products in the nonlinear term are computed via FFTs.

Before proceeding with the numerical experiments concerning the EnKEF, it is instructive
to run an experiment in which H = 0 so that the ensemble evolves according to the underlying
attractor with no observations taken into account. This is shown in figure 1. Notice that
the statistics of the ensemble remain well-behaved. This is in stark contrast to the case of
evolving extended Kalman filter without observations, in which case the covariance will have
an exponential growth rate corresponding asymptotically to the Lyapunov exponents of the
attractor. Figure 1 sets a reference scale against which subsequent experiments, which include
observations, should be compared. The results of all experiments are summarized in table 1,
in terms of root mean square error of the mean with respect to the truth:

N K
1 1
RMSE = ﬁ;|m‘j—u(tj)|2, m; = E;v(m(tj).

7.2. Discrete time

Here we explore the case of discrete-time observations by means of numerical experiments,
illustrating the results of section 4. We consider the cases H = P, with A = co so that all
Fourier modes represented on the grid are observed, as well as both H = P, and H = Q,,
with A < oo.

7.2.1. Full observations. Here we consider observations made at all numerically resolved, and
hence observable, wavenumbers in the system; hence M = 322, not including padding in the
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Figure 1. Trajectories of various modes (at observation times) of the estimators v*’ and
the signal u are depicted above along with the relative error in the L2 norm, |m — u|/|u|,
for H = P,, with A = 0—i.e. nothing is observed.

Table 1. Root mean squared error for each of the cases investigated here. Acronyms

indicate the following cases: free evolution H = 0 (Z), discrete observation (D),
continuous observation (C), inflation (I), full observation H = P, with A = oo (F),
partial inner observation H = P, with |k,| = 5 (IN), and partial outer observation

H = Q, with |k;| =5 (OUT).

Method RMSE

Z 2.1217
D-F 2.7357
D-F-1 0.2144

D-IN-1 0.1851
D-OUT-I  2.7693
C-F 2.7584
C-F-1 0.3899
C-IN-1I 0.5166
C-OUT-I  2.7863

spectral domain which avoids aliasing. So, effectively we approximate the case H = P, where
A = 0o. Observations of the full-field are made every J = 20 time-steps. In figure 2 there is
no variance inflation and, whilst typical ensemble members remain bounded on the time-scales
shown, the error between the ensemble mean and the truth is O(1); indeed comparison with
figure 1 shows that the error in the mean is in fact worse than that of an ensemble evolving
without access to data. This may be attributed to the fact that the ensemble loses track of
the signal, and its spread collapses to zero. The result is that the error between the mean
of this ensemble and the signal is more like the average error between any two observation-
free trajectories, rather than the error between a given observation-free trajectory (the signal)
and the mean over observation-free trajectories as in the bottom right panel of figure 1. The
averaging of the latter leads to marginally smaller error. This can be observed in the table 1.
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Figure 2. Discrete-time observations, without inflation. Trajectories of various modes
(at observation times) of the estimators v® and the signal u are depicted above along
with the relative error in the L? norm, |m — u|/|u|, for H = P, with A = oo.
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Figure 3. Discrete-time observations, with inflation. Trajectories of various modes (at
observation times) of the estimators v* and the signal u are depicted above along with
the relative error in the L2 norm, |m — u|/|u|, for H = P,, with A = c0.

Using variance inflation removes this problem and filter accuracy is obtained: see figure 3.
The inflation parameter is chosen as o> = 0.0025.

7.2.2. Partial observations. In this section, the observations are again made every J = 20
time-steps, but we will now consider observing only projections inside and outside a ring of
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Figure 4. Discrete-time observations, with inflation. Trajectories of various modes (at
observation times) of the estimators v® and the signal « are depicted above along with
the relative error in the L? norm, |m — u|/|u|, for H = P,, with |k,| = 5 and J = 20.

radius |k, | = 5 in Fourier space. In other words, we consider two cases H = P; and H = Q;,
where A = m2|k;|? and |k,| = 5. This is outside the validity of the theory which considers
only full observations. Inflation is used in both cases. The inflation parameter is again chosen
as o® = 0.0025. Figure 4 shows that when observing all Fourier modes inside a ring of radius
|k, | = 5 the filter is accurate over long time-scales. In contrast, figure 5 shows that observing
all Fourier modes outside a ring of radius |k;| = 5 does not provide enough information to
induce accurate filtering.

7.3. Continuous time

In this section we study the SPDE (23), and its relation to the underlying truth governed by (2),
by means of numerical experiments. We thereby illustrate and extend the results of section 6.
We invoke a split-step scheme to solve equation (23), in which for each ensemble member v*)
one step of numerical integration of the Navier—Stokes equation (2) is composed with one step
of numerical integration of the stochastic process

dv® + %C(v)(v(k)(t) —u(r))dt = iC(v)(dW(k)(t) +dB(1))

K K
1 1
k (k) (k) (k) (k)
v®(0) = vy, m=— kE:l v, C)=— E (vy' —m) ® (v, m) 27

k=1

at each step. The Navier—Stokes equation 2 itself is solved by the method described in
section 7.1. The stochastic process is also diagonalized in the Fourier basis (26) and then
time-approximated by the Euler-Maruyama scheme [16]. We consider the cases H = P, with
A = 00 so that all Fourier modes represented on the grid are observed, as well as both H = P,
and H = Q; with A < oc.
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Figure 5. Discrete-time observations, with inflation. Trajectories of various modes (at
observation times) of the estimators v® and the signal « are depicted above along with
the relative error in the L? norm, |m — ul|/|u|, for H = Q,, with |k, | = 5 and J = 20.

7.3.1. Full observations. Here we consider observations made at all numerically resolved,
and hence observable, wavenumbers in the system, as in discrete time. So, effectively we
approximate the case H = P, where A = oo. Figure 6 shows that, without inflation, the
ensemble remains bounded, but the mean is inaccurate, on the time-scales of interest. In
contrast figure 7 demonstrates that inflation leads to accurate reconstruction of the truth via
the ensemble mean. The inflation parameter is chosen as o> = 0.00025.

7.3.2. Partial observations. Here we consider two cases again, as in section 7.2.2 H = P;,
and H = Q) where A = 2|k, |?, with |k, | = 5. Inflation is used in both cases and the inflation
parameter is again chosen as a?> = 0.00025. As for discrete time-observations we see that
observing inside a ring in Fourier space leads to filter accuracy (figure 8) whilst observing
outside yields only filter boundedness (figure 9.)

8. Conclusions

We have developed a method for the analysis of the EnKF. Instead of viewing it as an algorithm
designed to accurately approximate the true filtering distribution, which it cannot do, in general,
outside Gaussian scenarios and in the large ensemble limit, we study it as an algorithm for
signal estimation in the finite (possibly small) ensemble limit. We show well-posedness of the
filter and, when suitable variance inflation is used, mean-square asymptotic accuracy in the
large-time limit. These positive results about the EnKF are encouraging and serve to underpin
its perceived effectiveness in applications. On the other hand it is important to highlight that
our analysis applies only to fully observed dynamics and interesting open questions remain
concerning the partially observed case. In this regard it is important to note that the filter
divergence observed in [11, 19] concerns partially observed models. Thus more analysis
remains to be done in this area. The tools introduced herein may be useful in this regard.
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Figure 6. Continuous-time observations, without inflation. Trajectories of various
modes of the estimators v® and the signal u are depicted above along with the relative
error in the L? norm, [vV — u|/|u|, for H = P;, with A = oo.
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Figure 7. Continuous-time observations, with inflation. Trajectories of various modes
of the estimators v® and the signal u are depicted above along with the relative error in
the L? norm, [v" — u|/|u|, for H = P;, with A = oo.

A second important direction in which the analysis could usefully be extended is the class
of models to which it applies. We have studied dissipative quadratic dynamical systems
with energy conserving nonlinearities. These are of direct relevance in the atmospheric
sciences [15] but more general models will be required for subsurface applications such as
those arising in oil reservoir simulation [25]. The theoretical results have been confirmed
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Figure 8. Continuous-time observations, with inflation. Trajectories of various modes
of the estimators v® and the signal u are depicted above along with the relative error in
the L? norm, |v™" — u|/|u|, for H = P,, with |k, | = 5.
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Figure 9. Continuous-time observations, with inflation. Trajectories of various modes
of the estimators v® and the signal u are depicted above along with the relative error in
the L2 norm, [v" — u|/|ul, for H = Q,, with |k,| = 5.

with numerical simulations of the Navier—Stokes equation on a torus. These numerical results
demonstrate two interesting potential extensions of our theory: (i) to strengthen well-posedness
to obtain boundedness of trajectories, at least in mean square; (ii) to extend well-posedness
and accuracy results to certain partial observation scenarios. Furthermore we highlight the
fact that our results have assumed exact solution of the underlying differential equation model;
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understanding how filtering interacts with numerical approximations, and potentially induces
numerical instabilities, is a subject which requires further investigation; this issue is highlighted
in [11].
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